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The title of the painting is “Cold Fog on Lake and Mountain”. The intention is to depict a misty winter
mountain scene, creating a poetic world where “it is possible to work, to look, to travel, and to live” (in the
words of Guo Xi, a painter of the Northern Song Dynasty). At the bottom of the painting, boats pass by
without a trace, leaving only ripples of water of varying depths, inviting one’s imagination; several groups
of rustic huts and winding mountain paths loom between rocks and trees, waiting to be explored; in the
distance, misty mountain colors and a hint of cold greenery indicate the arrival of spring. This painting
was completed on New Year’s Day, 2022.
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Editor’s Note

It is with great pleasure and pride that we present
the seventh edition of Bauhinia. Through an on-
going pandemic and global weariness, our stu-
dents continue to astound us with their commit-
ment to academic endeavors.

Bauhinia aims to honor this excellent scholar-
ship, emerging either from our distinguished cur-
riculum at the ISF Academy, and/or as a prod-
uct of our unique extracurricular programs offered
by Shuyuan. The mission to be Independent,
Global, and Chineseis manifested within the
topic choices and self-directed learning that went
into these papers. The work ethic, as well as the re-
search and communication skills gained through
writing these articles reflec the Eight plus One
Virtues espoused at the ISF Academy, namelyzhi
(Intelligence Wisdom) andai(Passion for Learn-
ing Life).

The works presented continue to grow in quality
and quantity and thus, the Bauhinia is once again
offered in two parts: the firs issue contains arti-
cles that are more Humanities-focused, while the
second issue is more focused on STEM (Science,
Technology, Engineering, and Mathematics). The
diversity of articles also illustrates the bilingual
and multidisciplinary nature of our school. Top-
ics herein include how Lucretius and Xunzis in-
terpretations of the problem of evil reflec their
conceptions of divinity, a study on the relationship
between the colour and mass of selected Main Se-
quence Stars, and an analysis of ‘rain’ imagery in
Nalan Xingde’s筊䙎䖎 lyrics雘.

It is imperative to highlight that the layout of this
seventh edition of Bauhinia is a product of home-
grown talent: Daisy Wang and Dionne Yeung, two
students who recently graduated and enthusias-
tically partook in the editing process. We thank
the entire Editorial Board for their time and ded-
ication in reviewing this publication, and it is our
hope that such intellectual pursuits are what will
continue to bind us as students, mentors, edi-
tors and designers within a truly collaborative aca-
demic community.

You are invited to join this community by explor-
ing the content that sparked such passion in our
students. Your engagement and responses are
most welcome: sy_team@isf.edu.hk.

Rachel Oser
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The�antimicrobial�effects�of�Hthanol

Chrystal�Li� 匃檆檆

Research Question

What is the effect of ethanol concentrations (40%,
45%, 50%, 55%, 60%, 65%, 70%, 75%, 80%, 85%,
90%) on the growth of bacteria 6WDSK\ORFRFFXV HSL�
GHUPLGLV, indicated by the zone of inhibition (mm)
on LB agar plates for 24 hours and 48 hours?

Introduction

As of November 3, 2020, there are 47.5 mil-
lion confirme SARS-CoV-2 cases worldwide
(Worldometer, 2020). The high transmission rates
of SARS-CoV-2 (Jefferson HW DO., 2020)is due to
its surface stability, remaining active on surfaces
from 24 hours to 9 days (van Doremalen HW DO.,
2020). Within the time interval, coronavirus
strains can be transferred by contact with hands
on contaminated surfaces. Therefore, hands are
considered as the primary route for transmitting
coronavirus (Microbiology Society, 2020).

The Centres for Disease Control and Prevention,
and the World Health Organization (WHO) pro-
mote hand hygiene as the most crucial mea-
sure in the prevention of infections, and recom-
mended the use of alcohol-based hand sanitiz-
ers (Centers for Disease Control and Prevention,
2019; World Heath Organization, 2009). However,
their antimicrobial effects only last for two min-
utes (Black, 2010), which raises questions about
whether alcohol only temporarily suppresses mi-
crobial growth in the two minutes, or completely
inactivates growth in a longer period.

The antimicrobial effects of alcohol-based hand
sanitizers are dependent on the alcohol concen-
tration. It is optimum between concentrations of
60% to 85% (McDonnell & Russell, 1999), as added
water content slows down the evaporation rate, al-
lowing alcohol to have longer contact with the skin

surface for antimicrobial effects. However, a low
alcohol concentration would not sufficientl dis-
rupt the microbes’ entire membrane and coagulate
all proteins, hence a decrease in effectiveness at
concentrations below 50% (McDonnell & Russell,
1999).

This investigation examined the antimicrobial ef-
fects of different ethanol (C2H5OH) concentra-
tions against the bacteria 6� HSLGHUPLGLV. Using
non-pathogenic 6� HSLGHUPLGLV to model SARS-
CoV-2 was due to the risk of infection when us-
ing pathogenic viruses at the school laboratory.
Despite the differences between the membrane
structure of 6� HSLGHUPLGLV and SARS-CoV-2, both
membranes are composed of phospholipids and
proteins, hence are disrupted by ethanol.

1 Background

Ethanol has two antimicrobial mechanisms: phos-
pholipid dissolution and protein denaturation
(Ingólfsson & Andersen, 2011; Ophardt, 2003).

Ethanol is freely permeable across microbial mem-
branes (Osman & Ingram, 1985) due to its similar
amphipathic properties with phospholipids. The
polar phospholipid head is attracted to the polar
hydroxyl group of ethanol, while the non-polar
phospholipid fatty acid tail is attracted to the non-
polar ethyl group of ethanol (Figure 1), leading to
phospholipid dissolution (Ingram, 1989). The hy-
droxyl group of ethanol interferes with the hydro-
gen bonds in the secondary and tertiary structure
of membrane proteins, and forms new hydrogen
bonds with the protein side-chain (Ingram, 1989),
causing the loss of functionality due to conforma-
tional changes in membrane protein structure.

SARS-CoV-2 are enveloped viruses, which con-
tain genetic material packaged in a protein coat,
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Fig. 1. Attraction between phospholipid and ethanol.

capsid, surrounded by a lipid envelope (Figure 2).
These components protect the genetic material,
and are crucial for transmitting to another host
(Golin, Choi, & Ghahary, 2020). After ethanol’s
interference with the structure of the protein cap-
sid and lipid envelope, the genetic material is ex-
posed and the viruses cease to survive.

6� HSLGHUPLGLV are gram-positive bacteria, con-
taining a cell wall with a thick layer of pepti-
doglycan (Figure 3), and an inner plasma mem-
brane that composes of 40% phospholipids and
60% protein (Bruslind, 2020). Ethanol reduces the
cell wall’s peptidoglycan cross-linking (Cao HW DO.,
2017), thus increasing its permeability for ethanol
to reach the membrane. The membrane contains
enzymatic proteins that are involved in physiolog-
ical functions, including solute and electron trans-
port and ATP synthesis (Huffer HW DO., 2021). Fol-
lowing ethanol’s interference with the membrane,
the enzymatic proteins are denatured, hence the
loss of cellular function.

As ethanol shows the same antimicrobial mecha-
nisms in both microbes, 6� HSLGHUPLGLV substituted
SARS-CoV-2 in this investigation.

Fig. 2. Membrane structure of enveloped viruses
(Wiencek, 2020).

Fig. 3. Membrane structure of gram-positive bacteria
(Karki, 2017).
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2 Hypothesis

Supported by McDonnell’s study, there is a sig-
nificantl smaller zone of inhibition at ethanol
concentrations below 50% (McDonnell & Russell,
1999). At concentrations between 50% to 85%,
there is a positive correlation between the two
variables, as more ethanol molecules perform bac-
tericidal effects (Ingram, 1989). At 90%, the zone
of inhibition decreases due to the evaporation of
ethanol (McDonnell & Russell, 1999), reducing its
contact time with 6� HSLGHUPLGLV to perform bacte-
ricidal effects.

The predicted trend (Figure 4) is supported by Ya-
mashita’s study (Figure 5), where the bacteria’s
survival rate is high (small zone of inhibition) at
low ethanol concentrations; gradually decreases
in middle concentrations; increases at high con-
centrations. However, as Yamashita used a lower
incubation temperature (Yamashita & Takeno,
2001), the bacteria’s metabolic reactions decrease
(Nedwell, 1999), and could be killed with a lower
ethanol concentration. Therefore, despite the
bacteria having the lowest survival rate at 70%
ethanol, 85% ethanol is predicted to have the
largest zone of inhibition.

3

  

       
      

         
          

      
         

       
      

       
        
        

       
      

       
   

3 Methodology
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Fig. 4. Sketch graph demonstrating the effect of 
ethanol concentrations on the zone of inhibition.

           
         

  

           
         

  

Fig. 5. Effect of ethanol on the survival of S. aureus 
ATCC 12600. The bacterial cells were treated for 10 
minutes at 20°C.

3.2 Dependent Variable

Ethanol’s bactericidal effects were examined us- 
ing the disc diffusion method, as microbes must 
be cultured in closed containers and remain un- 
opened in school laboratories (Microbiology in 
Schools Advisory Committee, 2010). The depen- 
dent variable was the zone of inhibition (mm): 
the distance between the two opposite points on 
the zone edge subtracting the diameter of the pa- 
per disc. This was measured by a caliper after 
24 and 48 hours of incubation. Ideally, time in- 
tervals should be decided based on the reproduc- 
tive rate of S. epidermidis. However, quoting Nam- 
var’s study, there is a “lack of information about S. 
epidermidis life cycle” (Namvar et al., 2014). Ad- 
ditionally, under COVID-19 pandemic, students 
were allowed to visit the laboratory once per day, 
hence the smallest time interval of 24 hours.

The independent variable was the ethanol concen- 
tration (%). Eleven ethanol concentrations: 40%, 
45%, 50%, 55%, 60%, 65%, 70%, 75%, 80%, 85%, 
90%, were tested for six trials each to reduce the 
standard deviation. Though the ideal concentra- 
tion is between 60% to 85% (McDonnell & Russell, 
1999), exposure to high ethanol concentrations is 
dangerous (French Agency for Food, Environmen- 
tal and Occupational Health Safety, 2016), hence 
the range was expanded from the ideal concentra- 
tion to investigate whether a lower ethanol con- 
centration was capable of inducing similar antimi- 
crobial effects. The ethanol concentrations were 
manipulated by diluting 100% ethanol with auto- 
claved water (Table 1).



Paper discs immersed in different ethanol solu-
tions were placed on agar plates cultured with 6�
HSLGHUPLGLV. The ethanol concentration decreased
as it diffused out from the centre of the paper disc
on the agar surface. If the ethanol was effective
against 6� HSLGHUPLGLV at a particular concentra-
tion, there was no bacterial growth. The region
of no bacterial growth was the zone of inhibition,
and was in different observed turbidity from other
regions of bacterial growth (Figure 6). The larger
the zone of inhibition, the greater the bactericidal
effect.

Fig. 6. An agar plate with zone of inhibition marked.

3.3 Control Variables

The following variables were controlled for an ac-
curate basis of comparison:

Type of alcohol: Alcohols have different chemi-
cal properties, hence different bactericidal effects.
Ethanol was chosen for this investigation, as it is
effective against a large spectrum of microorgan-
isms that can linger on the skin (Huynh-Delerme
HW DO., 2012), and is safe from its low dermal ab-
sorption (Huynh-Delerme HW DO., 2012).

Incubation temperature: Temperature affects
the enzyme activities in 6� HSLGHUPLGLV, leading
to changes in its metabolism and growth pattern.
Despite 37°C being the ideal incubation tempera-
ture for 6� HSLGHUPLGLV (Zaharia HW DO., 2010), safety
precautions of incubating at the human tempera-
ture required alternation to 27° C on the incubator.

Starting concentration of 6� HSLGHUPLGLV on
each plate: If the starting concentration of bacte-
ria increases (bacteria are closer to each other), as
each ethanol molecule extirpates a fi ed number
of bacteria, the zone of inhibition decreases and

vice versa. To control, 200 microlitres of 6� HSLGHU�
PLGLV was added to each plate, measured by P200
micropipette.

Ethanol molecules added to each paper disc:
It changes the moles of ethanol available to per-
form bactericidal effects. To control, 5 microlitres
of ethanol was added to each paper disc, measured
by P20 micropipette.

Agar medium: 6� HSLGHUPLGLV rely on nutrients
in the agar for growth. Different mediums con-
tain different concentrations of nutrients, hence
changes in its growth pattern. LB agar plates pre-
pared by school technicians were used for all trials.

3.4 Preliminary Investigation

In the preliminary investigation, paper discs were
soaked in Petri dishes with ethanol, and left to dry
for 30 minutes. 6� HSLGHUPLGLV was diluted with LB
broth in a 1:1 ratio before adding into the plates.
After 48 hours of incubation, all plates were found
with no zone of inhibition and indiscernible bac-
terial growth. After revisiting procedure, 200 mi-
crolitres of 6� HSLGHUPLGLV culture were added into
the plates without dilution. Paper discs with 5 mi-
crolitres of ethanol were applied directly to pre-
vent the evaporation of ethanol.

3.5 Apparatus List

The materials and equipment needed for this in-
vestigation are listed below:

4 mL 6� HSLGHUPLGLV (ATCC®14990™)
10 mL 100% ethanol
10 mL Autoclaved water

100 6 mm fi ter paper discs
11 LB agar plates
1 P20 micropipette (±0.1µl)
1 P200 micropipette (±1µl)
1 P1000 micropipette (±5µl)
1 Vortex mixer
1 Plate spreader
1 Tweezer
1 Caliper (±0.5 mm)

11 Parafil
11 1.5 mL microcentrifuge tube
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3.6 Procedure

Sterilization
To prevent contamination of 6� HSLGHUPLGLV, a ster-
ile environment was set up by disinfecting the lab-
oratory bench with 90% ethanol, working within
the zone of sterility of a spirit burner, and wearing
a laboratory coat and gloves. Tweezers were ster-
ilized by 90% ethanol and flam when transferring
the paper discs to the plates.

Dilution

Table 1. Proportion of 100% ethanol and autoclaved
water needed for desired ethanol concentrations.

The different uncertainties were due to the differ-
ent sizes of micropipette used. P200 micropipette
(±1µl) and P1000 micropipette (±5µl) were used
when the volume of substance was 200 microlitres
or below and above 200 microlitres respectively.

For each concentration, the respective volume of
100% ethanol and autoclaved water were added to
a 1.5 mL microcentrifuge tube, and placed on a
vortex mixer for a thorough mix.

Plating
200 microlitres of 6� HSLGHUPLGLV culture were
plated on LB agar. The plate was split into six sec-
tions with one paper disc placed in the centre of
each section (Figure 7). 5 microlitres of ethanol in
desired concentration were added directly on the
paper disc. The plate was sealed with parafil and
incubated under 27°C. The zone of inhibition for

Fig. 7. Setup of agar plates.

each paper disc was measured with a caliper after
24 and 48 hours of incubation.

3.7 Risk Assessment

Bacterial growth: the entry of pathogenic bac-
teria from the surrounding was a risk for growing
harmful microbes in the agar plates. This was pre-
vented by incubating below the human tempera-
ture at 27°C, and maintaining a sterile environ-
ment (Procedure - Sterilization). The agar plates
were sealed with parafil before incubation, never
opened in the process, and were treated as biolog-
ical waste after the investigation.

Spirit burner & 100% ethanol: avoid storing
highly flammabl 100% ethanol near the spirit
burner to prevent starting a fire To reduce the risk
of burns from accidental contact with hot surfaces,
allow any hot apparatus to cool down before han-
dling, and turn off the spirit burner when not in
use. Ensure a fir extinguisher is stored in the lab-
oratory in case of a fire

Plastic waste: To reduce plastic waste, a glass
spreader instead of plastic spreaders was used.

4 Data Collection & Processing

4.1 Qualitative Observations

The change in observed turbidity of agar plates
indicated bacterial growth. There was consistent
turbidity on agar plates with ethanol concentra-
tions between 40% to 55%, hence no detectable
zone of inhibition. There were changes in turbid-
ity around the paper discs with ethanol concentra-
tion between 60% to 90%, suggesting bacterial in-
hibition.
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4.2 Raw Data

             

Table 3. Mean zone of inhibition vs ethanol concentrations after 48 hours of incubation.

6

             Table 2. Mean zone of inhibition vs ethanol concentrations after 24 hours of incubation



4.3 Processed Data

To compare the bactericidal effects of different
ethanol concentrations, the mean zone of inhi-
bition was calculated. Mean was chosen over
the median, as there were no outliers in the
data. Standard deviation was used to measure the
spread and variability of data in each ethanol con-
centration. X-error bars plotted in Figures 8 and 9
show standard deviation for each ethanol concen-
tration.

Calculations for mean zone of inhibition
(mm):

zone of inhibition
number of trials

Example (60% ethanol after 24 hours):

2 + 1 + 2 + 0 + 1 + 2

6
=

8

6
= 1.3mm

Calculations for standard deviation:

σ =

√∑
( xi − µ)2

N

σ = population standard deviation

N = the size of the population

xi = each value from the population

µ = the population mean

Table 4. Zone of inhibition vs ethanol concentrations
after 24 hours of incubation.

Table 5. Zone of inhibition vs ethanol concentrations
after 48 hours of incubation.

4.4 Statistical Test

The overlap in error bars suggests insignifican
differences in the zone of inhibition between
ethanol concentrations, hence two-sample t-tests
were conducted under 0.05 significan e level. De-
spite ANOVA giving a lower probability of Type
I error than the t-test (Laerd Statistics, 2018),
it measures whether there are significan differ-
ences between multiple ethanol concentrations.
To evaluate the hypothesis, t-test that compares
two adjacent concentrations was more appropri-
ate.

Null Hypothesis (H0): There is no difference be-
tween the two ethanol concentrations
Alternative hypothesis (H1): There is a differ-
ence between the two ethanol concentrations

A p-value was given in the two-sample t-test. If
the p-value was below 0.05, the null hypothesis
was rejected, hence a difference in the zone of in-
hibition between the two ethanol concentrations.
If the p-value was above 0.05, the null hypothe-
sis was accepted, hence no differences between the
two ethanol concentrations.

Paired t-tests were conducted under 0.05 confi
dence level to determine whether there was a sig-
nifican difference in the zone of inhibition be-
tween 24 and 48 hours of incubation, hence exam-
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Fig. 8. Effect of ethanol concentrations on the zone of inhibition after 24 hours of incubation.

Fig. 9. Effect of ethanol concentrations on the zone of inhibition after 48 hours of incubation.

ining whether ethanol’s bactericidal effects reduce
over time. Paired t-tests were chosen, as the zone
of inhibition after both incubation durations were
taken from the same samples.

Null hypothesis (H0): There is no difference be-
tween the two incubation durations
Alternative hypothesis (H1): There is a differ-
ence between the two incubation durations

A p-value was given in the paired t-test. If the p-
value was below 0.05, the null hypothesis was re-
jected, hence a difference in the zone of inhibition
between the two incubation durations. If the p-
value was above 0.05, the null hypothesis was ac-
cepted, hence no differences between the two in-
cubation durations.
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Table 6. Results of two-sample W-tests.

Table 7. Results of paired W-test.

4.5 Uncertainties

Uncertainties of equipment could lead to anoma-
lies, hence were calculated with the following
equation:

Percentage uncertainty:

absolute uncertainty of equipment
size of measurement

∗ 100%

Percentage uncertainties of ethanol concentra-
tions were determined by the sum of percentage
uncertainty for the volume of 100% ethanol and
volume of autoclaved water by micropipettes.

Example (40% ethanol):

Percentage uncertainty for volume of 100%
ethanol:

1

200
× 100% = 0.50%

Percentage uncertainty for volume of autoclaved
water:

5

300
× 100% = 1.67%

Total percentage uncertainty for ethanol concen-
tration:

0.50% + 1.67% = 2.17%

Same calculations were made for other concentra-
tions, results presented in Table 8.

The percentage uncertainty for volume of 6� HSL�
GHUPLGLV and volume of ethanol added to each pa-
per disc remain the same in all trials.

Calculations for percentage uncertainty of volume
of 6� HSLGHUPLGLV by P200 micropipette:

1

200
× 100% = 0.5%

Calculations for percentage uncertainty of volume
of ethanol a by P20 micropipette:

0.1

5
× 100% = 2%

The total percentage uncertainty is obtained from
the sum of percentage uncertainty of ethanol con-
centrations, volume of 6� HSLGHUPLGLV, and volume
of ethanol.

Example (40% ethanol):

2.17% + 0.5% + 2% = 4.67%

Same calculations were made for other concentra-
tions, results presented in Table 9.
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Table 8. Percentage uncertainties for different ethanol concentrations.

Table 9. Total percentage uncertainty in this investigation.

5 Analysis & Evaluation

5.1 Analysis of Data and Graph

40% to 55%

At ethanol concentrations between 40% to 55%,
there were no measurable zones of inhibition af-
ter 24 or 48 hours of incubation, suggesting lim-
ited bactericidal effects. Hence, the hypothesis
that there are significantl smaller zones of in-

hibitions below 50% is accepted. Due to 6� HSL�
GHUPLGLV’s thick cell wall of peptidoglycan (15-80
nanometers) (Todar, 2015), low ethanol concen-
trations are insufficien to disrupt the peptidogly-
can, hence ethanol molecules’ inability to reach
the membrane.

While the data for 40% to 50% ethanol aligns with
McDonnell’s study (McDonnell & Russell, 1999),
55% ethanol differs due to the different bacteria
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used. McDonnell used (VFKHULFKLD FROL, a gram-
negative bacteria with a thin peptidoglycan that
is more susceptible to ethanol (UCSB ScienceLine,
2014), hence is killed with a lower concentration
like 55% ethanol. This is supported by Morton’s
study, where gram-negative bacteria is killed by
all ethanol concentrations from 40% to 100%,
while gram-positive bacteria, as if the bacteria in
this study, require 60% to 95% (Morton, 1950).

60% to 90%

At ethanol concentrations between 60% to 90%,
the zone of inhibition indicated bactericidal ef-
fects. However, its effectiveness differed be-
tween different concentrations and incubation du-
rations.

Figure 8 shows that after 24 hours, ethanol
concentrations (x) and zone of inhibition (y)
follow the inverse tangent function: y =

0.96 arctan (x− 60) + 1.52. The r2 value of 0.969
shows a strong correlation between the data and
the trend-line, hence the accuracy of using in-
verse tangent to represent the data. The trend-
line demonstrates an increase in the zone of inhi-
bition between 55% to 65% ethanol, explained by
the increased moles of ethanol performing bacte-
ricidal effects (Ingram, 1989). Based on the math-
ematical function, the optimum is between 90%
to 100% with a zone of inhibition of 3.00 mm.
However, the trend-line plateaus after 65%, and
the two-sample t-test showed no significan dif-
ferences in the zone of inhibition between 65% to
90%. Therefore, ethanol concentration between
65% to 90% had a similar level of bactericidal ef-
fects after 24 hours of incubation.

Figure 9 shows that after 48 hours, the two vari-
ables follow the inverse tangent function: y=0.8
tan-1 (0.9 x-55)+1.3, where the trend-line plateaus
after 70%. The r2 value of 0.888 indicates a strong
correlation between the data and the trend-line,
but is weaker compared to Figure 8 due to the in-
consistent decrease in the zone of inhibition be-
tween the two incubation periods. Based on the
mathematical function, the optimum is between
90% to 100% with a zone of inhibition of 2.54mm.

Despite the trend-line showing an increase in the
zone of inhibition between 55% to 70% ethanol,
the two-sample t-tests showed no significan dif-
ferences between 60% to 90%. Therefore, ethanol
concentration between 60% to 90% has the same
bactericidal effects after 48 hours of incubation.

Consequently, it rejects the hypothesis that the
zone of inhibition decreases after 90%. This is due
to evaporated ethanol molecules (vapor phase)
being trapped in the closed agar plate, leading to
collisions with liquid ethanol molecules on the
agar surface, thus condensing to the liquid phase
(Brown HW DO., 2020). Therefore, high ethanol
concentrations have enough treatment time with
6� HSLGHUPLGLV for bactericidal effects in agar plates.

Differences between two incubation durations

The trend-line in Figure 9 demonstrates a down-
ward vertical translation of 0.22 units from the
trend-line in Figure 8, suggesting a 0.22 mm de-
crease in the zone of inhibition for all concen-
trations between 24 and 48 hours of incubation.
However, most concentrations showed an incon-
sistent decrease. 65% ethanol showed a greater
decrease of 1.1 mm; 75% ethanol showed a smaller
decrease of 0.2 mm; 90% ethanol showed no
changes. The paired t-tests indicated that 65%
and 70% ethanol showed significan differences in
the zone of inhibition between 24 and 48 hours
of incubation, but 60%, 75%, 80%, 85%, and 90%
showed no significan differences. Therefore, only
65% and 70% ethanol showed reduced bactericidal
effects over time.

In real life, the Food and Drug Administration
recommends an ethanol concentration of 60% to
95% in hand sanitizers (Antonucci, 2019). How-
ever, this investigation demonstrated a varying
degree of bactericidal effects within the range.
60% ethanol had lower bactericidal effects com-
pared to other concentrations; the bactericidal ef-
fects of 65% and 70% ethanol reduced over time.
Therefore, individuals should choose hand sani-
tizer at ethanol concentrations between 70% to
95%, and should not solely rely on hand sanitiz-
ers in the longer period.
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5.2 Evaluation of Data

All data for 40%, 45%, and 50% falls on the trend-
line, has no standard deviation, and aligns with 
McDonnell’s study, quoting “antimicrobial activ-
ity of ethanol is significantl  lower at a concentra-
tion below 50%”[8], demonstrating high accuracy 
and reliability.

However, all data for 55% to 90% (except 65%, 
75%, 80% in Figure 9) does not fall on the trend-
line or align with other studies (McDonnell & Rus-
sell, 1999; Yamashita & Takeno, 2001), demon-
strating low reliability. The large error bars for all 
data between 60% to 90% indicate a large spread 
of data between individual trials, potentially lead-
ing to a different trend-line. For example, af-
ter 24 hours of incubation, 65% and 90% ethanol 
only showed a 0.40 mm difference in the zone of 
inhibition, but the standard deviations were 1.33 
mm and 0.98 mm respectively, significantl  larger 
compared to the 0.4 mm difference. If 90% ethanol 
had a zone of inhibition of 2.22 mm (lower bound 
of the error bar), the two variables no longer exhib-
ited an inverse tangent relationship, but instead, 
the trend predicted in the hypothesis. Therefore, 
due to the high standard deviations, the relation-
ship between the two variables remains unclear af-
ter 50%.

The total percentage uncertainties for each 
ethanol concentration are low, ranging from 
4.60% to 6.54%. The correlation coefficien  
between percentage uncertainty and the stan-
dard deviation is -0.638, suggesting a moderate 
negative correlation between the two variables. 
Therefore, the high standard deviations were 
caused by low sample size instead of the appara-
tus.

There was one anomalous data in this investiga-
tion. While all the zones of inhibition decreased or 
remained between 24 and 48 hours of incubation, 
90% trial 1 showed a 1 mm increase. However, the 
paired t-test indicated that 90% ethanol showed 
no significan  differences in the zone of inhibition 
between the two incubation durations, hence the 
anomalous data was inconsequential.

5.3 Evaluation of Sources

Scientific information on this report originated 
from a spectrum of reputable peer-reviewed jour-
nals and books, ensuring the validity of this 
research. The journals presented a detailed 
overview of their experiments with explanations 
on ethanol’s antimicrobial mechanisms, allowing 
a holistic understanding of this research topic. 
However, they utilized different methodologies 
from this investigation, which hindered the com-
parison between the experimental and published 
data. To overcome this, further research was con-
ducted to examine how the differences in data 
were influen ed by different methodologies.

5.4 Evaluation of Methodology & Im-
provements

Strengths

All the control variables were controlled, such as 
using a P200 pipette to ensure 200 microlitres of 
6� HSLGHUPLGLV�was added to each plate. Supported
by the low total percentage uncertainties, this al-
lowed an accurate basis of comparison.

An aseptic environment was maintained through-
out the experiment to prevent external sources of 
contamination. The agar plates show no observed 
differences in bacterial colony morphology, hence 
no contamination of 6�� HSLGHUPLGLV� (Antonucci, 
2019).

Limitations of the disc diffusion method to 
model antimicrobial mechanisms on human 
skin

The disc diffusion method was safe and appropri-
ate in a school laboratory, but presented many 
limitations for modeling the antimicrobial mech-
anisms of ethanol on human skin:

First, as ethanol concentration decreased when it 
diffused away from the paper disc on the agar sur-
face, 6��HSLGHUPLGLV�within the zone of inhibition 
was killed by inconsistent concentrations, demon-
strated by the imperfect circles around the paper 
discs. Hence, despite controlling the ethanol con-
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centration added to the paper disc, the absolute
concentration that inhibited 6� HSLGHUPLGLV was
unclear and uncontrolled, leading to large stan-
dard deviations and low accuracies of data.

Second, in low ethanol concentrations, the added
water content slows down its evaporation rate
on the human skin, allowing ethanol to pene-
trate through the microbial membranes. How-
ever, high ethanol concentrations also had enough
treatment time with 6� HSLGHUPLGLV for bacterici-
dal effects in agar plates, hence the 90% ethanol
demonstrated the same level of bactericidal effect
as the literature optimal concentrations of 60% to
85% (McDonnell & Russell, 1999).

Third, the disc diffusion method relied on the dif-
fusion of ethanol, which did not spread across the
entire agar surface. Therefore, most 6� HSLGHUPLGLV
were not killed, shown by the observed turbidity
after incubation. This led to significan bacte-
rial growth in lower ethanol concentrations, for
instance, the 1.1 mm decrease in the zone of in-
hibition with 65% ethanol. However, in real life,
rubbing hands allow hand-sanitizers to cover all
skin surfaces, thereby killing most microorgan-
isms (Brown HW DO., 2020), greatly inhibiting micro-
bial growth.

Fourth, ethanol’s direction of diffusion was un-
clear. It could diffuse into the agar instead of re-
maining on the surface to perform bactericidal ef-
fects.

These limitations can be avoided by the broth dilu-
tion method (Balouiri HW DO., 2016). Culture tubes,
containing a liquid medium and ethanol in de-
sired concentration, are inoculated with 6� HSLGHU�
PLGLV. Vortexing the tubes allows all 6� HSLGHU�
PLGLV to be exposed to the same ethanol concen-
trations. After incubation, the tube’s change in
turbidity is examined by a UV-visible spectrom-
eter (Balch, 1931) rather than observation, while
bacterial growth is measured by a hemocytometer
(Boundless, n.d.). Hemocytometer involves creat-
ing a volumetric grid divided into differently sized
cubes to count the number of bacterial colonies,
thereby accurately calculating the bacterial con-
centration.

Lastly, the characteristics of the agar medium and
the human skin were different. The human skin
has a slightly acidic pH of 4.7 to 5.75 (Eucerin,
n.d.), which gives protection against microor-
ganisms (cartron HW DO., 2014), hence the data is
not accurate under the human skin context. To
improve, pH 5 can be added to the liquid medium
mentioned above to simulate the pH of human
skin.

Other limitations

Despite ethanol’s same mechanism on the bacte-
rial and viral membrane, there was doubt whether
the specifi concentrations were efficaciou for
SARS-CoV-2. As viruses do not have cell walls,
bacteria that lack a cell wall, including My-
coplasma and L-form bacteria (Boundless, n.d.)
could be a more appropriate model for SARS-CoV-
2.

6 trials were conducted for each ethanol concen-
tration to reduce the standard deviation, but the
high values suggest an insufficien number of tri-
als conducted. For example, the zone of inhibition
for 65% ethanol ranged from 1 mm to 5 mm (Table
4), hence it was difficul to identify whether the
values were flu es or normal cases. To improve,
the number of trials is increased to 12 trials to fur-
ther reduce standard deviation.

There were only two changes in the incubation du-
ration: 24 and 48 hours, hence unclear whether
ethanol concentrations between 75% to 90% con-
tinue to have no significan differences in the zone
of inhibition beyond 48 hours. The large time
interval also made it unclear whether 40% and
55% ethanol showed no bactericidal effects, or 6�
HSLGHUPLGLV grew back into the zone of inhibition
within 24 hours. To improve, there should be at
least fi e changes in the incubation durations. The
reproduction rate of 6� HSLGHUPLGLV should also be
examined in the preliminary investigation to make
an appropriate time interval adjustment.
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6 Conclusion

6.1 Conclusion

Ethanol concentrations between 40% to 55%
showed no zone of inhibition, suggesting limited
bactericidal effects. Ethanol concentration be-
tween 60% to 90% showed zone of inhibitions af-
ter 24 and 48 hours of incubation, hence bacterici-
dal effects in the short and long term. Specificall ,
concentrations between 65% to 90% showed the
same level of bactericidal effect in the short term,
but 75% had greater inhibition ability in the long
term.

6.2 Further Investigation

Studies have shown that most alcohol-based hand
antiseptics contain 1-propanol, 2-propanol, or
ethanol (Brown HW DO., 2020). Ethanol con-
tains two-carbons, while both 1-propanol and 2-
propanol contain three-carbons but differ by the
position of the hydroxyl group (Figure 10). The
different chemical structures suggest different
levels of antimicrobial effects. Therefore, the an-
timicrobial effects of 1-propanol and 2-propanol
can be explored as a further investigation to eval-
uate the most effective agent for microbial inhibi-
tion.

Fig. 10. Comparison between propan-1-ol and propan-
2-ol.
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“Statistics conceal as much as they reveal.”

Denton Philtjens 魁╫靨

“The US COVID-19 death-toll has passed 500,000”
(Feuer), is a recent statistic which reveals knowl-
edge about the trajectory of the pandemic. How-
ever, it also doesn’t inform us about the virus’ sur-
vival rate or the impact of pre-existing health con-
ditions, which can lead the statistic’s audience to
compose false conclusions. Hence, it is evident
that statistics, which are tools that relate to the
collection and analysis of data, can have both a re-
vealing and concealing role during knowledge pro-
duction. In this context, revealing refers to fa-
cilitating knowledge production by divulging ben-
eficial and truthful knowledge, whilst concealing
refers to hindering knowledge production by hid-
ing reality and thus prompting the production of
false knowledge. Statistics can broadly be cate-
gorised into inferential and descriptive, and they
are used in the human sciences (HS) and natu-
ral sciences (NS). Responding to the claim ”statis-
tics conceal as much as they reveal”, I will argue
that the level of concealment and revealment dif-
fers depending on the AOK (for they are different
by nature), and the category of statistical analysis.
Moreover, I will explore how inferential statistics
are more revealing in NS whilst descriptive statis-
tics are equally revealing in both AOKs, and that
usually statistics reveal more than they conceal in
both AOKs, although these arguments don’t al-
ways hold true.

Firstly, inferential statistics are tools which ana-
lyze and help us understand bivariate data, facil-
itating the discovery of previously unknown pat-
terns (knowledge). Typically, they are more re-
vealing in NS due to a greater ability to isolate and
manipulate variables. For instance, when I con-
ducted my Physics Internal Assessment investi-
gating the relationship between salinity and spe-
cific heat capacity, I controlled most of my vari-
ables and incrementally increased the salinity of

my sample. Then, through taking measurements
with a thermometer, I collated data which later
underwent linear regression analysis to find the
optimal trendline. Here, statistical analysis al-
lowed me to produce knowledge (a trend) with
relative accuracy due to the controlled environ-
ment, revealing information about our natural
world. On the contrary, HS scientists don’t often
have this ability to manipulate and isolate vari-
ables. For instance, in Economics, when Neumark
andWascher conducted research on the minimum
wage, they observed historical data and compared
many US states and the impact of minimumwages
on employment growth (Matthews). Hence, they
didn’t manuallymanipulate the independent vari-
ables and had to make broad assumptions about
the populations studied. This was done, because
HS researchers have variables that involve human
subjects and large demographics, which can be
harmful and logistically difficult to manually ma-
nipulate and control. This can produce reliabil-
ity issues with the findings, and often a third vari-
able problem can arise, which is where the two ob-
served variables don’t cause each other to change
and an underlying variable is responsible. This
problem has arisen in the minimumwage context,
as Neumark andWascher initially found that in the
1980s,minimumwages in blue states substantially
decreased employment growth compared to red
states without a minimum wage. However, it was
later revealed that because blue states experienced
an economic downturn that predated a minimum
wage hike, in reality blue states had lower em-
ployment growth and separately increased their
minimum wages (Matthews). Hence, Neumark
and Wascher’s statistical analysis led their re-
port to produce a misleading conclusion (based
on our current understanding), concealing our at-
the-time understanding of reality. And whilst
this concealment is currently corrected, it has still
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produced detrimental and long-lasting effects, for
statistics are powerful as they appeal to reason,
and in this case were used in the justification for
US government public policy.

However, whilst I previously argued that NS scien-
tists have a greater ability to control and manipu-
late variables than HS scientists, this is sometimes
not the case, especially when it comes to large-
scale or human related investigations, where there
can be logistical difficulties and ethical dilem-
mas. For instance, when the IPCC creates climate
change predictions, they rely on extrapolations
based on historical data, for they can’t logistically
conduct large-scale practical experiments. This
leads their analysis to incorporate uncontrolled
variables and assumptions, for instance regarding
the degree to which climate change engages in a
positive feedback loop (Carter), which causes cer-
tain people to question how revealing the knowl-
edge claims produced are. Additionally, whilst
I previously argued that inferential statistics are
generally revealing in both AOKs, this is false
when the equipment used produces undetected
systematic errors. For instance, in the 1970s,
Joseph Weber claimed that he identified gravita-
tional waves using a proprietary method. How-
ever, it was later discovered that his equipment
was systematically flawed, and that the waves
he had detected were from other interferences
(Koberlein). Whilst we currently have proof of
the existence of gravitational waves, it has been
proven that Weber’s method simply couldn’t have
detected gravitational waves, and that his con-
clusion resulted from a disguised error. Hence,
the false knowledge which he produced through
statistical analysis was debunked through an in-
depth analysis of his methodology and raw data by
other scientists. Therefore, in the long-run, false
knowledge which conceals reality will be corrected
when contrary evidence is proposed. Lastly, whilst
I previously argued that HS statistics which lead
to false conclusions can have detrimental practi-
cal implications, there are often no better alterna-
tives. In fact, because statistics allow us to trans-
form large-scale knowledge produced via sense
perception and measurements into methodically
organized reasoning, they play a vital role in both

AOKs. Moreover, beyond simply increasing the
volume of our knowledge, these statistics also in-
crease the precision of our knowledge, as numeri-
cal descriptions are far more precise than linguis-
tic descriptions such as “large decrease”. Hence,
the creation of misleading information is arguably
a necessary evil, and the concealment which in-
ferential statistics can cause is simply part of the
scientific process, where knowledge slowly gets
refined through peer-review. Hence, inferential
statistics are more revealing than concealing in
the long-run.

Moving on, descriptive statistics are tools such
as central tendencies (mean, median and mode)
and standard deviation, which analyze various fea-
tures of a univariate data set. In both AOKs,
these tools are equally effective at revealing re-
ality by summarizing the characteristics of data
sets and measuring uncertainty, for the nature
of the two AOKs doesn’t impact these abilities.
For instance, these statistical techniques are em-
ployed in the NIST-IUPAC database for solubility,
which describes the solubility of various chemi-
cals under given conditions. Firstly, by calculat-
ing themean solubility across various research pa-
pers and trials, knowledge regarding the “true”
solubility value under given conditions can be re-
vealed. Moreover, measuring the standard devi-
ation between different research papers can help
reveal how trustworthy and established the knowl-
edge produced is, by seeing whether there is a
scientific consensus. For instance, in the NIST-
IUPAC database for SO2’s solubility, across var-
ious research papers there is a standard devia-
tion of 4.6%, which indicates that there is further
room for research and more advanced equipment
(Young). Additionally, in certain cases this can
also signify that paradigm-shifting “revolutionary
science” breakthroughs might be evident.

However, descriptive statistics can be more con-
cealing than revealing in both AOKs when mea-
sures of central tendency are used to explain very
broad sets of data with uncontrolled underlying
variables. For example, the NS literature on pleu-
ral Mesothelioma (a cancer) suggests that the
median mortality after diagnosis is 6-12 months
(Molinari). Whilst many patients might interpret
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this statistic at face value, and lose hope about
their survival, this is an inadequate conclusion,
for an average value doesn’t indicate (and hence
conceals) the fact that there are a range of mor-
tality rates, and that many variables can influ-
ence the patient’s mortality, such as age and ge-
netics. Hence, the third variable problem once
again arises, and this statistic hinders the com-
munication of knowledge, for the general public
might be unfamiliar with the limitations of statis-
tics and might interpret means and medians as
set realities, thus causing their understanding of
“the full picture” to be concealed, prompting them
to produce false conclusions. Moreover, factual
statistics which might prompt particular interpre-
tations of a topic can be misused to portray spe-
cific views. This is prevalent in HS, for instance re-
garding China’s economic status. Whilst the aver-
age monthly income of 1070 USD (CEIC Data) and
the monthly median income of 520 USD (Cyrill)
are both factually correct, the average doesn’t fac-
tor inequality, the negligence of which politicians
might abuse to propel certain perceptions of the
nation. Hence, statistical literacy and not draw-
ing too many implications from descriptive statis-
tics is key to limiting any concealment. More-
over, it must also be acknowledged that overall, in
both AOKs, descriptive statistics are usually more
revealing than concealing, because they produce
knowledge and indicate areas for improvements,
two roles which are otherwise difficult to achieve
in a large-scale methodical manner.

Hence, it is evident that while both descriptive and
inferential statistics often have a revealing role
during knowledge production, the degree to which
can differ due to the AOK. However, circumstances
involving broad data sets and flawed equipment
can cause statistics to bemore concealing than re-
vealing. Nonetheless, through the careful evalua-
tions of the raw data and research methodologies,
a lot of these concealments are eradicated. How-
ever, if the false knowledge created based on mis-
leading statistics is applied to public policy, even if
any concealments are eventually “corrected” aca-
demically, the short-term impact can still be detri-
mental and long-lasting. This exploration is cer-
tainlymeaningful, for statistics are used heavily in

research and therefore understanding the conceal-
ing and revealing nature of statistics is important
to assess the reliability and utility of the claims
created. Moreover, living in the digital age with
access to wide-ranging sources and information, it
is more important than ever to understand the im-
plications and nature of statistics in order to make
informed decisions in our daily lives.
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Fig. 2. Visualization of period, with sine and cosine waves graphed on GeoGebra (Hohenwarter HW DO., 2013).

Fig. 3. Visualization of the superposition of trigonometric functions, where two functions (above) can be superposed
to create a new function (below). Graphed on GeoGebra (Hohenwarter HW DO., 2013).

DefinitioQ�1.1.�When�n�∈�Z+�and�an, bn�∈�R
(Chou,�n.d.):

f(x) =
∞∑

(an cos (ωnx) + bn sin (ωnx)) (1)
n=0

DefinitioQ� 1.2.�When�n�= 0:

a0 cos (ω(0)x) = a0 cos (0) = a0

b0 sin (ω(0)x) = b0 sin (0) = 0

Thus, the Fourier series can also be rewritten as:

f(x) = a0 +
∞∑

n=1

(an cos (ωnx) + bn sin (ωnx)) (2)

Then constants signify the frequency of the trigono-
metric function, and through increasingn, the func-
tion gets more accurate to the modelled equation.

This increase in accuracy is demonstrated in fig
ure 5. The coefficient a0, an, and bn determine
the amplitude of each trigonometric function. The
summation of different amplitudes would influen e
their superposition, thus determining what the fi
nal function would look like (see figur 4).

Fig. 4. Two functions of the Fourier series composed of
3 n values with differing bn coefficients revealing how
simple changes in amplitude, even in just one coeffi
cient, lead to differing overall functions.

22



Fig. 5. To visualize just how the Fourier series works, this figur demonstrates how the summation of increasing
values of n and changes in coefficient a0, an, and bn slowly lead to a sawtooth function through the superposition of
different trigonometric functions.

1.3 Electrocardiogram Readings

Electrocardiogram readings measure electric im-
pulses from a beating heart. In hospitals, they are
essential in monitoring heart health by the shape
and rhythm of these electrical impulses. Through
this, they can detect a myriad of heart conditions,
such as a stroke, arrhythmia, etc. and immediately
intercept it before any serious consequences oc-
cur.

Changes in amplitude, shape, and rhythm of these
waves would all reflec the contractions and relax-
ations of heart chambers, and hence give crucial
information about heart health. A simple change
in the ECG, like a depression in the T wave, can in-
dicate severe heart conditions such as ischemia -
a shortage of oxygen supplied to the heart (Price,
2010).

With the Fourier series, the shapes of these waves
would be determined by the a0, an, and bn coef-
ficients The numeric value of these coefficient
can therefore be crucial indicators of heart con-
ditions and disease, and thereby differentiate be-
tween them. It may even be able to detect smaller
changes that are not obvious to the naked eye, and
catch heart issues before they happen.

Fig. 6. ”Schematic diagram of normal sinus rhythm for
a human heart as seen on ECG (with English labels)”
(Atkielski, 2007).

Further, the frequency of heart beats also plays a
role in heart health. Mathematically, it is signifie
by the period. This is accounted for in the Fourier
series through ω. Changes in the period can also
indicate abnormalities in heart health (see figure
6 and 7).
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Fig. 7. Unhealthy ECG caused by ischemia (decreased
blood fl w and oxygen to the heart muscle) (Anderson
& DiCarlo, 2000).

However, it is most important to consider what a
healthy ECG looks like first numerically, hence the
purpose of this study.

2 Deriving Fourier Coefficient

The next step to modelling the ECG is to hence de-
termine the coefficient a0, an, and bn. To deter-
mine these coefficients a general equation for the
coefficient must be derived, then applied to ECG
readings.

2.1 Trigonometric Integration

Some integration proofs are firs required, as they
will be used to derive equations for findin Fourier
coefficients

Proof 1: Integrals of Sine and Cosine

Claim 1: for m ∈ Z:
∫ T

0
sin (ωmx) dx = 0 (3)

∫ T

0
cos (ωmx) dx = 0 (4)

The proof for both equations are similar, hence the
proof is demonstrated for equation 3 as an exam-
ple. By taking the anti-derivative of the chain rule:

∫ T

0
sin (ωmx) dx = −

[
1

ωm
cos (ωmx)

]T

0

Substituting T and 0 into x:

∫ T

0
sin (ωmx) dx = − 1

ωm
(cos (ωmT )− cos (ωm0))

= − 1

ωm
(cos (ωmT )− 1)

Recalling that ω = 2π
T , we can substitute the vari-

able:
∫ T

0
sin (ωmx) dx = − 1

ωm
( cos

(
2π

T
mT

)
− 1)

= − 1

ωm
(cos (2πm)− 1)

As cosine is periodic, any integer multiple of 2π ef-
fectively adds a period onto another period, and is
thus is equivalent to simply 2π. Hence, the equa-
tion simplifie to:

∫ T

0
sin (ωmx) dx = − 1

ωm
(cos (2π)− 1)

= − 1

ωm
(1− 1) = 0

Proof 2: Integrals of the Products of Sine and
Cosine

Claim 2.1: for m,n ∈ Z+:
∫ T

0
sin (ωnx) cos (ωmx) dx = 0 (5)

The proof is as follows. By using the product to
sum identity, the equation can be rewritten as:

∫ T

0
sin (ωnx) cos (ωmx) dx

=

∫ T

0

1

2
(sin (ω(m+ n)x) + sin (ω(m− n)x)) dx

Using the distributive property of integrals:
∫ T

0
sin (ωnx) cos (ωmx) dx

=
1

2

∫ T

0
sin (ω(m+ n)x) dx+

1

2

∫ T

0
sin (ω(m− n)x) dx

As m and n are integers, m+ n and m− n are also
going to be integers. We can thus apply Claim 1,
to prove that:

∫ T

0
sin (ωnx) cos (ωmx) dx =

1

2
0 +

1

2
0 = 0

Claim 2.2: for m,n ∈ Z+:

∫ T

0
sin (ωnx) sin (ωmx) dx =





0 if m #= n
1
2T if m = n

(6)
∫ T

0
cos (ωnx) cos (ωmx) dx =





0 if m #= n
1
2T if m = n

(7)
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As both proofs are quite similar, the proof for Equa-
tion 6 is demonstrated as an example. With the
product to sum identity:
∫ T

0
sin (ωnx) sin (ωmx) dx

=

∫ T

0

1

2
(cos (ω(m− n)x)− cos (ω(m+ n)x)) dx

=
1

2

∫ T

0
cos (ω(m− n)x) dx− 1

2

∫ T

0
cos (ω(m+ n)x) dx

For case m #= n:

As m+n and m−n are both non-zero integers, by
applying Claim 1, we get:
∫ T

0
sin (ωnx) sin (ωmx) dx

=
1

2

∫ T

0
cos (ω(m− n)x) dx− 1

2

∫ T

0
cos (ω(m+ n)x) dx

=
1

2
0− 1

2
0 = 0

For case m = n:
∫ T

0
sin (ωnx) sin (ωmx) dx

=
1

2

∫ T

0
cos (ω(m− n)x) dx− 1

2

∫ T

0
cos (ω(m+ n)x) dx

=
1

2

∫ T

0
cos (ω(0)x) dx− 1

2

∫ T

0
cos (ω(2m)x) dx

=
1

2

∫ T

0
1 dx− 1

2

∫ T

0
cos (ω(m+ n)x) dx

By applying Claim 1:
∫ T

0
sin (ωnx) sin (ωmx) dx =

1

2

∫ T

0
1 dx− 0

=

[
1

2
x

]T

0

=
1

2
(T − 0) =

1

2
T

Each claim has been successfully proven, and it will
ease the derivation process.

2.2 Formal Derivations

In light of these proofs, Fourier’s coefficient can
now be derived to mathematically model ECG read-
ings (Khan, 2008; Cheever, 2019).

CoefficienW� an

To�determine�coefficien� an,�we�can�apply�the�fol-
lowing�derivation.� Beginning�with�Definitio� 1.1,�
both�sides�of�the�Fourier�series�can�be�multiplied
by�cos�(mωx),�where�n,�m�∈�Z+.

f(x) =
∞∑

n=0

(an cos (ωnx) + bn sin (ωnx))

f(x) cos (ωmx) =
∞∑

n=0

(an cos (ωnx) cos (ωmx)

+ bn sin (ωnx) cos (ωmx))

We can then integrate over period T :
∫ T

0
f(x) cos (ωmx) dx

=

∫ T

0

∞∑

n=0

(an cos (ωnx) cos (ωmx)

+ bn sin (ωnx) cos (ωmx)) dx

Because of distributive properties, and because an
and bn are constants:

∫ T

0
f(x) cosωmx dx

=
∞∑

n=0

an

∫ T

0
cos (ωnx) cos (ωmx) dx

+
∞∑

n=0

bn

∫ T

0
sin (ωnx) cos (ωmx)

Using Claim 2.1, we can isolate the cosine func-
tions:

∫ T

0
f(x) cos (ωmx) dx

=
∞∑

n=0

an

∫ T

0
cos (ωnx) cos (ωmx) dx+ 0

As proven in Claim 2.2, there are two possible cases
for each term in the infinit summation.

When m #= n:

an

∫ T

0
cos (ωnx) cos (ωmx) dx

=an(0) = 0

When m = n:

am

∫ T

0
cos (ωnx) cos (ωmx) dx = am

(
1

2
T

)
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Evidently, the only the term that will contribute
to the Fourier series is when m = n, because every
other term would simply equate to 0. We can thus
interchange m and n, as in the following:

∫ T

0
f(x) cos (ωnx) dx =

1

2
anT

The equation for the subject an can be rearranged:

an =
2

T

∫ T

0
f(x) cos (ωnx) dx (8)

As�demonstrated,�the�previous�proofs�have�linked�
nicely�with�the�derivation�process,�and�an�can�now�
be�solved�for.�It�further�shows�how�arbitrarily�ma-
nipulating�equations� (LH:� multiplying�both� sides�
by�cos�(ωnx)),�despite�seeming�random,�works�per-
fectly.�This�arbitrary�manipulation�is�used�in�many�
proofs�for�physics�and�mathematics,�and�it�strikes�
me�how�powerful�it�can�be.

CoefficienW� a0

For�the�case�n�= 0,�or�a0:
∫ T

0
f(x) dx =

∞∑

n=0

an

∫ T

0
cos (ωnx) dx

=a0

∫ T

0
cos (ω(0)x) dx

+
∞∑

n=1

an

∫ T

0
cos (ωnx) dx

Using Claim 1:
∫ T

0
f(x) dx = a0

∫ T

0
cos (ω(0)x) dx+

∞∑

n=1

an

∫ T

0
0 dx

= a0

∫ T

0
1 dx

= a0T

And by rearranging the equation for the subject a0:

a0 =
1

T

∫ T

0
f(x) dx (9)

What’s interesting, is that this is just the average
value of f(x). And this makes sense, because graph-
ically, a0 is a vertical translation. As sine and co-
sine waves oscillate above and below a midline, which
is the average value of the function (HJ: in Fig-
ure 2, sine and cosine waves oscillate about the [-
axis), this translation will make the Fourier series

oscillate�about�the�average�value�of�the�modelled�
function.

CoefficienW� bn

The�derivation�follows�closely�to�the�derivation�for�
an.�bn� is�derived�as:

bn =
2

T

∫ T

0
f(x) sin (ωnx) dx (10)

Unlike the cosine function, there is no special case
for n = 0, because sin 0 = 0.

Mini Conclusion

We have derived all coefficient to the Fourier se-
ries, and it is summarized below.

a0 =
1

T

∫ T

0
f(x) dx

an =
2

T

∫ T

0
f(x) cos (ωnx) dx

bn =
2

T

∫ T

0
f(x) sin (ωnx) dx

This can now be applied to approximate periodic
functions. However, this equation made it clear
that it is impossible to approximate unknown func-
tions, as findin a0, an, and bn is dependent on in-
tegrating the original function, as well as integrat-
ing the product of the function and a trigonomet-
ric function. Upon further study, I realized that
approximating an unknown function would require
algorithms and more complicated derivations with
Fourier transform. Thus, a curve fittin software
was used to fin the polynomial first then Fourier’s
series is used to turn it into a periodic function.
So, this investigation will show how the Fourier se-
ries can be used in conjunction with technology to
model ECG readings.
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3 Approximating ECG Readings

The modelled ECG reading will be denoted as a func-
tion V (t) for voltage (mV), t for time (s). How-
ever, it became clear that using the Fourier series
is not perfect, as many types of abnormal readings
would entail irregular rhythms/periods that would
not be able to be simulated with the series, which
has consistent periods.

Fig. 8. ECG of healthy sinus rhythms. y-axis: voltage
(mV), x-axis: time (s) (Kalra et al., 2018).

As healthy ECG datasets were not available online,
and rather, only diagrams, a website (Rohangi, 2010)
that converts images of graphs to plot points was
utilized. The ECG reading in Figure 8 was hence
converted to plot points, and the period was de-
termined to be 0.951s. Excel was then chosen to
fi the curve. As Excel polynomial trend lines only
go to the 6th degree, the fittin was not perfect.
It was thus approached like a piece-wise function
and split it into curves and horizontal lines. In
selecting the trend lines from Excel for my piece-
wise function, I opted for the functions that have
the greatest R2 value (all >0.90), and ones that
minimize the amount of functions required.

Piece-wise function:

Fig. 9. Obtained piece-wise function graphed on Ge-
oGebra (Hohenwarter et al., 2013), where f, g, h, p, q,

and r are representative of the sub-functions in Equa-
tion 11.

Evidently, the piece-wise function is not perfect
and discontinuous at places (for instance, between
g and h in Figure 9). However, it can be assumed
that discontinuity would not heavily affect the pro-
duced Fourier series, as square waves (composed
of discontinuous piece-wise functions, as in Figure
1) have been successfully, and smoothly, approxi-
mated with the Fourier series. Even so, if the curve
fitte function is already somewhat inaccurate, as
the peak of function h is smaller than that of the
original ECG reading, the Fourier series will auto-
matically be inaccurate as well. Using this method
of curve fittin may not be highly reliable for such
complex functions.
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3.1� CoefficienW� a0

a0 =
1

T

∫ T

0
V (t) dt

To account for the piece-wise function, the inte-
gral can be broken down to cater for each sub-function.
It can be rewritten as:

a0 =
1

0.951

(∫ 0.0879

0
V (t) dt+

∫ 0.160

0.0879
V (t) dt

+

∫ 0.237

0.160
V (t) dt+

∫ 0.405

0.237
V (t) dt

+

∫ 0.572

0.405
V (t) dt+

∫ 0.951

0.572
V (t) dt

)

Then, by substituting the respective sub-functions,
we get:

The�approximate�average�value�has�now�been�ob-
tained.� It� looks� accurate,� as� it� is� slightly� above�
the�fla� horizontal�lines�in�the�original�piece-wise�
graph.

3.2� CoefficienW� an

Recall�that:

an =
2

T

∫ T

0
V (t) cos (ωnt) dt

Note that ω = 2π
T = 2π

0.951 . Substituting the respec-
tive piece-wise function we get:

Calculating such complex integrals is a very ardu-
ous, mechanical task, so it will simply be explained

with an example. For instance, function q from the
piece-wise in Figure 9 will be calculated. It will
then be expanded by distributing cos (ωnt) and the
integral:

∫ 0.572

0.405
(−23.462t2 + 23.091t− 4.8138) cos (ωnt) dt

=−
∫ 0.572

0.405
23.462t2 cos (ωnt) dt

+

∫ 0.572

0.405
23.091t cos (ωnt) dt

−
∫ 0.572

0.405
4.8138 cos (ωnt) dt

Integration by parts will be used, demonstrated with
an example of one integral. First, the constant will
be isolated, then integration by parts will be ap-
plied.

The last integral becomes another integration by
parts problem:

The calculations afterward is then just substitu-
tion of the limits and ω. This process can thus be 
repeated for each function and each integral. How-
ever, it is impractical to derive these equations by 
hand. Using technology such as Wolfram Alpha is 
much preferred, especially because of the degrees 
of the polynomials and how many sub-functions 
of the piecewise function are involved.
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3.3� CoefficienW� bn

bn =
2

T

∫ T

0
V (t) sinωnt dt

Following�the�same�process�as�for�coefficient�an,�we�get�the�following�equation�for�bn:
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3.4 Collating Coefficient

Now that we have the general equations for each
coefficient we can relate back to Equation 1:

f(x) = a0 +
∞∑

n=1

(an cos (ωnx) + bn sin (ωnx))

We can substitute the equations for each coeffi
cient back to the overall Fourier series to fin the
expansion. The substitution process will not be
shown, as evidently, they are very lengthy equa-
tions. I programmed a mini calculator that solves
these coefficient to ease the process further, high-
lighting the need for using technology in conjunc-
tion to these calculations.

A table has been created with each coefficien rounded
to 3 significan figures This degree of accuracy
was chosen because I acknowledge that the data
points used to curve fi the piece-wise function is
not perfectly accurate in the firs place, so the re-
sulting coefficients would as a result not be very
accurate anyway. So, it is rather pointless to ap-
proximate to more significan figures Especially
because coefficient act as a vertical stretch, con-
sidering the scale of the coefficients decimal places
typically beyond 3 significan figure would be so
small that it is negligible in relation to the scale
of the y-axis that is being worked with. However,
rounding to any less than 3 significan figure may
oversimplify results and lead to too much error.
Further, it makes it more manageable to input into
graphing calculators, especially when working with
the summation of numerous trigonometric func-
tions. Only 20 coefficient were calculated due to
limited processing power for graphing.

Fig. 10. Mini calculator programmed in Python for co-
efficien an (left), and the calculated values (right).

Table 1. First 20 n values for an and bn coefficients
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3.5 Final Results and Evaluation

Fig. 11. The Fourier series of the healthy ECG read-
ing with the firs 20 n values graphed on GeoGebra
(Hohenwarter et al., 2013).

Fig. 12. Overlay of the Fourier series in Figure 11 on
the original ECG reading in Figure 8 (Kalra et al., 2018)
(left) and on the piecewise function in Figure 9 (right).

Using the labels in Figure 6 to refer to parts of the
ECG reading, the overall shape closely resembles
the original graph. The P, Q, R, S and T waves are
each situated around the right coordinates, and the
period is correct. But, it is also clear that it is not
perfect, particularly pertaining the R wave, where
the R maximum has a shorter amplitude than the
original ECG. Perhaps because of the nature of sine
and cosine functions and working with only 20 co-
efficients the supposed fla horizontal lines are
still visibly curved, and the P and T waves are com-
posed of many peaks. If such function is used for
analysis, it would lack the precision required and
may actually appear like an abnormal and unhealthy
ECG reading.

Fig. 13. ECG reading of atrial fibrillation a heart
rhythm disorder (Kalra et al., 2018).

It likely requires a greater amount of coefficient
to approximate it more closely to the original piece-
wise function in Figure 9, as the original definitio
of the Fourier series sets n to infinit . With this
resemblance, however, in the future, the Fourier
series for healthy ECGs and unhealthy ECGs can

be used to conduct automatic preliminary analy-
sis without excessive monitoring.

While the results were certainly interesting and some-
what impressive, using the Fourier series to ap-
proximate complex functions, particularly one that
requires precision, is not ideal. While determining
coefficient is simply a substitution process (given
that the equation is known), the integration can
get tricky for higher order polynomials and piece-
wise functions. Further, the Fourier series is lim-
ited in approximating unknown functions, and us-
ing curve fittin tools then applying the series is
inefficient and opens up more room for error.

Considering that one of the most significan flaw
are the heights of the peak, which is only attributed
to imperfect curve fittin rather than the Fourier
series, it demonstrates that perhaps it could have
been significantl bettered if higher order polyno-
mials and more precise data points were used (con-
trary to selecting pixels on a graph as data points).

A potential solution, Fourier transform, is the op-
posite of the Fourier series, where functions are
decomposed into its constituent trigonometric func-
tions. It is the more common and efficien basis
for many algorithms such as Fast Fourier Trans-
form to quickly approximate unknown functions.
It is used in the technologies for electricity, waves,
etc., being an essential mathematical tool that rev-
olutionized many aspects of science. In future en-
deavors, I should expand on Fourier series to un-
derstand Fourier transform and its related algo-
rithms, and hopefully yield results more efficientl .

In the future, I can also use the Fourier series, or
Fourier transform, for ECGs of different heart con-
ditions, and determine a numerical based analy-
sis and comparison between the period, a0, an, and
bn coefficient of healthy and unhealthy/abnormal
ECGs, which may be used in an algorithm that can
automatically determine certain conditions. How-
ever, this is only given that the Fourier series or
transform is indeed precise enough to do so. This
can be ensured by using statistical distance analy-
ses of how similar the calculated Fourier series is
to the original ECG reading. Once this can be en-
sured, this mathematical investigation can be fur-
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thered after modelling with big data from medical
centers, and perhaps by applying a machine learn-
ing algorithm to help doctors identify less obvious
heart conditions, or to identify signs that a heart
condition will be imminent. This algorithm can
be eventually stored in the ECG and doctors could
be immediately notified reducing room for human
errors and will not require consistent monitoring
to detect a heart problem. This method hence has
a great potential in medical applications.
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DFFHVV�($,V�GXH�WR�WKHLU�KLJK�SULFHV��
ZKLFK�FDQ�EH�OLIH�WKUHDWHQLQJ��

)XQFWLRQ � ��������PJ�RI�VROXWLRQ�ZLOO�EH�
GHOLYHUHG�SHU�XVH�RI�WKH�($,��

�����7KH�PHFKDQLVP�PXVW�EH�
IDVW�DFWLQJ�DQG�EH�GHOLYHUHG�
LQWHQWLRQDOO\�

�����'RVHV�RI�VROXWLRQ�PXVW�EH�
UHSODFHDEOH���ZKLOH�WKH�
KRXVLQJ�DQG�PHFKDQLVP�FDQ�
EH�UHXVHG���

��������PJ�LV�WKH�VDIH�GRVDJH�IRU�
FKLOGUHQ�DJHG�����

�����$QDSK\OD[LV�FDQ�HVFDODWH�TXLFNO\�
�+DUYDUG�+HDOWK���$�IDVW�DFWLQJ�
PHFKDQLVP�ZLOO�SUHYHQW�IXUWKHU�
HVFDODWLRQ�DQG�KDUP�WR�WKH�SDWLHQW�

�����5HSODFHDEOH�GRVHV�ZLOO�DOORZ�WKH�
ˋULQJ�PHFKDQLVP�WR�EH�UHXVHG��ZKLFK�
PDNHV�XS���a����WKH�SULFH�RI�VRPH�
($,V��0HUFXU\�1HZV���7KLV�ZLOO�UHGXFH�
WKH�ORQJ�WHUP�FRVW�WR�FRQVXPHUV�DQG�
LQFUHDVH�DFFHVVLELOLW\��

Ɣ /LPLWHG� DFFHVV� WR� PHDQV� RI� PDQXIDFWXULQJ
DQG�HFRQRPLHV�RI�VFDOH�

ż 7KLV�ZLOO� VLJQLˋFDQWO\� LQFUHDVH� WKH� FRVWV
RI�SURGXFWLRQ��DQG�KHQFH�WKH�SULFH�RI�WKH
SURGXFW

ż /LPLWHG� HFRQRPLHV� RI� VFDOH� DOVR� OLPLWV
WKH�QXPEHU�RI�XQLWV�WKDW�FDQ�EH�SURGXFHG



6SHFLˋFDWLRQV 3ULRULW\ 'HVFULSWLRQ -XVWLˋFDWLRQ

(UJRQRPLFV � �����7KH�KRXVLQJ�PXVW�EH�
PRVWO\�URXQGHG�HOOLSWLFDO��
ZLWK�D�GLDPHWHU�RI�
a�����PP

�����7KH�KRXVLQJ�PXVW�
LQFOXGH�JURRYHV�WH[WXUHG�
DUHDV�DQG�PXVW�EH�
DPELGH[WURXV��

�����$�GLDPHWHU�RI�a�����PP�LV�IRXQG�WR�
EH�PRVW�FRPIRUWDEOH�IRU�FKLOGUHQ�DJHG�
������%URZQ���7KLV�ZLOO�DOVR�DOORZ�IRU�WKH�
KLJKHVW�H[HUWLRQ�RI�VWUHQJWK�IURP�WKH�
XVHU��UHGXFLQJ�FKDQFHV�RI�LQMXU\�

�����*URRYHV�DQG�WH[WXUHG�DUHDV�LQFUHDVHV�
FRPIRUW�DQG�JULS�RI�WKH�GHYLFH��DQG�
VXJJHVWV�KRZ�WKH�GHYLFH�VKRXOG�EH�KHOG�
IRU�VDIHW\��DIIRUGDQFH��

6DIHW\ � �����7KH�GHYLFH�PXVW�KDYH�D�
VDIHW\�ORFN�WKDW�FDQ�SUHYHQW�
PLVˋUHV�ZKHQ�QRW�LQ�XVH��,W�
PXVW�EH�LGHQWLˋDEOH�DQG�
HDV\�WR�RSHUDWH��

�����$�FRYHU�FDS�PXVW�EH�
SURYLGHG�SHU�FDUWULGJH�WKDW�
FDQ�SURWHFW�LWV�LQWHUQDOV�
�QHHGOH�	�V\ULQJH��EHIRUH�
DQG�DIWHU�XVH�

�����($,�PLVˋUHV�FDQ�FDXVH�VHYHUH�ERGLO\�
GDPDJH��7LUHOO��DQG�LQWHUUXSW�XVH�GXULQJ�
HPHUJHQF\�VLWXDWLRQV��$V�DQDSK\OD[LV�
HVFDODWHV�TXLFNO\��WKH�ORFN�PXVW�EH�
DFFHVVLEOH�WR�SUHYHQW�IXUWKHU�HVFDODWLRQ�
DQG�KDUP��

�����$V�WKH�QHHGOH�ZLOO�SXQFWXUH�EHQHDWK�
VNLQ�GXULQJ�XVH��LW�PXVW�UHPDLQ�VWHULOH�
DQG�FOHDQ�WR�SUHYHQW�IXUWKHU�KHDOWK�
FRPSOLFDWLRQV��,QMXULHV�GXH�WR�H[SRVHG�
QHHGOHV�DIWHU�XVH�FDQ�FDXVH�EORRGERUQH�
LQIHFWLRQV�GLVHDVHV��&'&��

6L]H � �����+HLJKW�����PP
'LDPHWHU��a�����PP

�����7KH�KRXVLQJ�PXVW�DFFRPPRGDWH�
PHFKDQLVPV�ZKLOVW�UHPDLQLQJ�SRUWDEOH�
DQG�HDV\�WR�VWRUH��VR�WKDW�LW�PD\�EH�NHSW�
RQ�KDQG�IRU�HPHUJHQFLHV��7KH�GLDPHWHU�
DGGUHVVHV�KDQG�HUJRQRPLFV��

0DWHULDOV � �����7KH�KRXVLQJ�DQG�
FDUWULGJH�ZLOO�EH�PDGH�RI�
+,3V�SODVWLF

�����0HWDO�FRPSRQHQWV�ZLOO�
EH�PDGH�RI�VWHHO�

�����+,3V�LV�OLJKWZHLJKW�DQG�LPSDFW�
UHVLVWDQW��%ODFNZHOO�3ODVWLFV���,W�DOVR�
DOORZV�IRU�PHWKRGV�VXFK�DV�LQMHFWLRQ�
PRXOGLQJ�DQG�LV�FKHDS�DQG�HDV\�WR�
DFTXLUH�

�����6WHHO�LV�KDUG��WRXJK�DQG�UHVLVWDQW�WR�
FRUURVLRQ��DOORZLQJ�WKH�SURGXFWȢV�
PHFKDQLVPV�WR�UHPDLQ�VWHULOH�DQG�
IXQFWLRQ�IRU�ORQJHU��6WHHO�0HWDO�
3URSHUWLHV��

3ULFH � �����3ULFH�IRU�GHYLFH�ZLOO�EH�
LQ�WKH�UDQJH�RI���������
86'��(DFK�FDUWULGJH�ZLOO�EH�
SULFHG�LQ�WKH�UDQJH�RI�������
86'�

�����&XUUHQW�($,V�FDQ�FRVW�XS�WR�����86'�
SHU�GHYLFH��5XGGHQ���7KH�SURSRVHG�SULFH�
UDQJH�LV�PRUH�DIIRUGDEOH��HVSHFLDOO\�LQ�
WKH�ORQJ�WHUP�DV�FDUWULGJHV�DUH�
UHSODFHDEOH��FDUWULGJHV�DUH�SULFHG�DW�
��a����RI�WRWDO�SULFH��

7KH�SULFH�LV�DOVR�QHHGHG�WR�MXVWLI\�WKH�
SXUFKDVH�RI�PDWHULDOV��DQG�WKH�ODFN�RI�
HFRQRPLHV�RI�VFDOH�LQ�PDQXIDFWXULQJ��

��



6SHFLˋFDWLRQV 3ULRULW\ 'HVFULSWLRQ -XVWLˋFDWLRQ

0DQXIDFWXULQJ � �����,QMHFWLRQ�PRXOGLQJ�ZLOO�EH�
XVHG�WR�PDQXIDFWXUH�WKH�
KRXVLQJ�

�����&DUWULGJHV�ZLOO�EH�
SURGXFHG�ZLWK�EDWFK�
SURGXFWLRQ�

�����6LQFH�WKH�KRXVLQJ�LV�PDGH�ODUJHO\�
IURP�WKHUPRSODVWLFV��H�J��+,3V��DQG�
KDV�D�KROORZ�IRUP��LQMHFWLRQ�PRXOGLQJ�
LV�VXLWDEOH��

�����%DWFK�SURGXFWLRQ�ZLOO�EH�XVHG�IRU�
WKH�FDUWULGJHV��DV�WKH�GHPDQG�IRU�
FDUWULGJHV�DSSOLHV�WR�D�QLFKH�
GHPRJUDSKLF�DQG�HSLQHSKULQH�LV�
SHULVKDEOH�

����������7KH�PHWKRGV�FKRVHQ�DOORZ�
IRU�HFRQRPLF�PDQXIDFWXULQJ��
ORZHULQJ�FRVW�WR�FRQVXPHUV��

0DUNHW�
$QDO\VLV

�� ������7KH�($,�PDUNHW�LV�
PRQRSROL]HG�E\�GLVWLQFW�
EUDQGV��ZLWK�OLWWOH�FRPSHWLWLRQ�
DQG�VWLPXODWLRQ�IRU�
LQQRYDWLRQ�

������7KHUH�DUH�MXVW�PRUH�WKDQ���
PDQXIDFWXUHUV�ZRUOGZLGH��2QH�
PDQXIDFWXUHU�KROGV�XS�WR�����PDUNHW�
VKDUH���ZKLFK�KDV�VXEVHTXHQWO\�
FDXVHG�WKH������PDUNXS�LQ�SULFHV�RI�
($,V��+HUPDQ�

(QYLURQPHQWDO
&RQVLGHUDWLRQV

�� ������7KH�FDUWULGJH�ZLOO�EH�
GLVSRVHG�DIWHU�RQH�XVH��,W�ZLOO�
QRW�EH�UHF\FOHG�RU�GLVSRVHG�RI�
FRQYHQWLRQDOO\��

�����7KH�FDUWULGJH�ZLOO�EH�LQ�GLUHFW�
FRQWDFW�ZLWK�RUJDQLF�PDWHULDO�DQG�
FKHPLFDOV�DQG�FDQ�LQMXUH�RWKHUV�
GXULQJ�GLVSRVDO��(SLQHSKULQH�LV�
FDWHJRUL]HG�DV�D�KD]DUGRXV�ZDVWH�
�(3$��DQG�LV�D�FRQWDPLQDQW��

&RQVWUDLQWV �� ������9HU\�OLPLWHG�DFFHVV�WR�
HSLQHSKULQH

/LPLWHG�DFFHVV�WR�PHDQV�RI�
PDQXIDFWXULQJ�DQG�FDSLWDO�
�LQMHFWLRQ�PRXOGLQJ��

2QO\�D�ZRUNLQJ�SURWRW\SH�PD\�
EH�SURGXFHG��QRWH�WKDW�GXH�WR�
WKLV�UHVWULFWLRQ��RQO\�3/$�
SODVWLF�FRXOG�EH�XVHG�YLD�)'0�
PDQXIDFWXULQJ�

������(SLQHSKULQH�PD\�RQO\�EH�
REWDLQHG�IURP�SUHVFULSWLRQ��+RQJ�
.RQJ�-RXUQDO�RI�3DHGLDWULFV�

&DSLWDO�VXFK�DV�LQMHFWLRQ�PRXOGHUV�DUH�
QRW�DYDLODEOH�LQ�VFKRRO�IDFLOLWLHV��

��



&OHDU�KRXVLQJ 5XEEHU�VLGH�
JULS

*URRYHV�IRU�
JULS

/DEHO

3DOP�JRHV�KHUH

5XEEHU�
VLGHV

)LQJHUV�
KHUH

5XEEHU�
ERG\

5HG�UXEEHU�JULS
7ZLVW�ORFN

*URRYHV

*URRYHV�IRU�JULS
7UDQVSDUHQW�ERWWRP

/DEHO
KHUH

7ZLVW
HQWLUH
ERG\
WR�ORFN

�����,QLWLDO�'HVLJQV

�������'HYLFH

��

1RWFK
KHOSV
UHPRYH
FDUWULGJH



)URQW�ODEHO ,QVWUXFWLRQV
ODEHO

�IRQWV�DUH�W\SHG�

��

�������/DEHO�	�*UDSKLFV



����7DOO��WKLQ�	�URXQGHG�
V\PPHWULFDO�ERG\

����:KLWWH��
JORVV\�+,3V�

SODVWLF

����5XEEHU�
WH[WXUHG�JULSV�	�

JURRYH�IRU�EHWWHU�JULS

����2UDQJH�URWDWLQJ�ORFN�IRU�
LGHQWLˋDELOLW\

����/RFN�
GLUHFWLRQ�
LQGLFDWRUV

����5HSODFHDEOH�
FDUWULGJH�

FRQWDLQLQJ�V\ULQJH�
	�VROXWLRQ

/DEHO

����5XEEHU�JULS�DOORZV�
ORFN�WR�EH�HDVLO\�

RSHUDWHG����'LDPHWHU���PP
����+HLJKW����PP

�k[EjQ][��È¿Ø
�IhjPIjQEh��È¿Ø

/<NIjs��Ç¿Ø
�gO][]ZQEh��ÈÄØ

 QZQj<jQ][h

����2UDQJH�FRORU�LV�
H\H�FDWFKLQJ��KHOSV�
LGHQWLI\�FDUWULGJH

����5HG�DUURZ�WR�
LQGLFDWH�ˋULQJ�HQG�RI�

GHYLFH

����0HFKDQLVP�DFWLYDWHG�E\�
SXVKLQJ�RUDQJH�HQG�WRZDUGV�VNLQ

����%ROG�UHG�FRORUV�
IRU�LGHQWLˋDELOLW\

8QFOHDU�DW�ZKLFK�
VWDWH�WKH�ORFN�LV�LQ�
�ORFN�XQORFNHG��

7RS�ERWWRP�FRORU�V\PPHWU\�PD\
FDXVH�FRQIXVLRQ�IRU�XVHU

����&RORU�FRGLQJ�IRU�
EHWWHU�XVH�JXLGDQFH

����6LPSOH��PLQLPDO�JUDSKLFV�
IRU�EHWWHU�XQGHUVWDQGDELOLW\

-XGJHPHQW�	�2YHUDOO�����
� 'HYLFH�LV�HUJRQRPLF�DQG�HDV\�

WR�KDQGOH
� *URRYHV�RQ�VLGH�DVVLVW�XVHU�LQ�

KROGLQJ�WKH�GHYLFH�LQ�D�
VWURQJHU�SRVLWLRQ

� /RFN�PHFKDQLVP�LV�
LGHQWLˋDEOH��EXW�WRR�VLPLODU�
DHVWKHWLFDOO\�WR�FDUWULGJH

� /DEHO�PD\�EH�WRR�VPDOO�WR�
UHDG

��

�������'HVLJQ���



����:KLWWH��
JORVV\�+,3V�

SODVWLF

����/RFN�
GLUHFWLRQ�
LQGLFDWRUV

����5HSODFHDEOH�
FDUWULGJH�

FRQWDLQLQJ�V\ULQJH�
	�VROXWLRQ

����'LDPHWHU���PP

��
��
+
HL
JK
W�
��
�P

P

2UDQJH�FRORU�LV�
H\H�FDWFKLQJ��
KHOSV�LGHQWLI\�
FDUWULGJH

����0HFKDQLVP�
DFWLYDWHG�E\�

SXVKLQJ�RUDQJH�HQG�
WRZDUGV�VNLQ

����%ROG�UHG�FRORUV�
IRU�LGHQWLˋDELOLW\

-XGJHPHQW�	�2YHUDOO������
� 7KURXJK�SK\VLFDO�

PRGHOOLQJ��GHYLFH�LV�
HUJRQRPLF���EXW�EHLQJ�
DV\PPHWULFDO�PD\�
PDNH�LW�GLIˋFXOW�WR�
KROG�FRUUHFWO\�GXULQJ�
HPHUJHQFLHV

� /RFN�LV�DFFHVVLEOH��EXW�
DHVWKHWLFDOO\�WRR�
VLPLODU�WR�FDUWULGJH

� 1R�VSDFH�IRU�
LQVWUXFWLRQV�RQ�ODEHO

����5LGJHV�RQ�
URWDWLQJ�ORFN�IRU�

EHWWHU�JULS

����&RQFDYH�
UXEEHU�VLGH�IRU�
EHWWHU�JULSV

&RQFDYH�ERWWRP�WR�FRQIRUP�
WR�OHJ�IRU�EHWWHU�VWDELOLW\

/DEHO

����3DOP�SODFHG�
KHUH

����)LQJHUV�SODFHG�KHUH

�IRDP�PRGHO�
WHVWLQJ�

'LDPHWHU�LV�
WRR�ODUJH�IRU�
FKLOG�XVH

1RW�HQRXJK�VSDFH�
IRU�LQVWUXFWLRQV

$OWKRXJK�JULSV�DUH�FRPIRUWDEOH���
EHLQJ�DV\PPHWULFDO�PD\�PDNH�LW�

GLIˋFXOW�WR�KROG�GXULQJ�
HPHUJHQFLHV��

8QFOHDU�DW�ZKLFK�
VWDWH�WKH�ORFN�LV�

LQ�
�ORFN�XQORFNHG��

��

)XQFWLRQ�����
$HVWKHWLFV�����

6DIHW\�����
(UJRQRPLFV�����

/LPLWDWLRQV

�������'HVLJQ���



7UDQVSDUHQW�
SRO\FDUERQDWH�

SODVWLF

����7H[WXUHG�JURRYHV�
IRU�EHWWHU�JULS�	�

DIIRUGDQFH

����2UDQJH�URWDWLQJ�
ORFN�IRU�

LGHQWLˋDELOLW\

����/RFN�
GLUHFWLRQ�
LQGLFDWRUV

����5HSODFHDEOH�
FDUWULGJH�
FRQWDLQLQJ�
V\ULQJH�	�
VROXWLRQ

/DEHO
����

+HLJKW����PP

����2UDQJH�FRORU�LV�
H\H�FDWFKLQJ��KHOSV�
LGHQWLI\�FDUWULGJH

����5HG�DUURZ�WR�
LQGLFDWH�ˋULQJ�HQG�

RI�GHYLFH

����0HFKDQLVP�DFWLYDWHG�E\�
SXVKLQJ�RUDQJH�HQG�WRZDUGV�

VNLQ

8QFOHDU�DW�ZKLFK�
VWDWH�WKH�ORFN�LV�LQ�
�ORFN�XQORFNHG��

-XGJHPHQW�	�2YHUDOO�����
� 'HYLFH�LV�HUJRQRPLF�DQG�

HDV\�WR�KDQGOH��EXW�DV�LW�LV�
DV\PPHWULFDO��LW�LV�
XQFRPIRUWDEOH�LQ�FHUWDLQ�
SRVLWLRQV

� *URRYHV�RQ�VLGH�DVVLVW�XVHU�
LQ�KROGLQJ�WKH�GHYLFH�LQ�D�
VWURQJHU�SRVLWLRQ

� /RFN�PHFKDQLVP�LV�
LGHQWLˋDEOH��EXW�WRR�VLPLODU�
DHVWKHWLFDOO\�WR�FDUWULGJH

� &RQFDYLW\�RQ�HQG�RI�
FDUWULGJH�PD\�PDNH�LW�PRUH�
GLIˋFXOW�WR�DOLJQ�WR�VNLQ�DW�D�
FRUUHFW�DQJOH�GXULQJ�XVH

����7DOO��HOOLSWLFDO�
ERG\

����'LDPHWHU��
��PP

����*URRYHV�RQ�
URWDWLQJ�ORFN�IRU�
EHWWHU�JULS�	�
DIIRUGDQFH

�IRDP�PRGHO�WHVWLQJ�

&XUYH�WRR�DJJUHVVLYH�IRU�
SDOP��FDXVHV�GLVFRPIRUW

$VV\PHWULFDO�VKDSH�PHDQV�LW�
LV�RQO\�FRPIRUWDEOH�LQ�FHUWDLQ�

RULHQWDWLRQV�

����&XUYHV�DUH�
FRPIRUWDEOH�IRU�ˋQJHUV

����&XUYHV�JXLGH�ˋQJHUV�WR�
FRUUHFW�SODFH��IRUPLQJ�VWURQJ�

JULS

6OLJKW�FRQYH[�VKDSH�RQ�
HQG�RI�FDUWULGJH�DOORZV�LW�
WR�EH�SUHVVHG�ˋUPO\�RQWR�

VNLQ

��

)XQFWLRQ�����
$HVWKHWLFV�����

6DIHW\�����
(UJRQRPLFV�����

/LPLWDWLRQV

�������'HVLJQ���



-XGJHPHQW�	�2YHUDOO�����
� $V�WKH�ORFN�URWDWHV�DW�WKH�FHQWHU�RI

WKH�GHYLFH��ZKHQ�XQORFNHG��LW�PD\�
EH�DZNZDUG�WR�KROG�WKH�GHYLFH�
ZKLFK�SUHYHQWV�D�VWURQJ�ˋVW�JULS

� ,QVXIˋFLHQW�VSDFH�IRU�LQVWUXFWLRQV�
UHGXFLQJ�XVH�JXLGDQFH
VLJQLˋFDQWO\

� 2UDQJH�VWULSHV�KHOS�LQGLFDWH�ZKHQ
WKH\�GHYLFH�LV�ORFNHG�RU�XQORFNHG
WKURXJK�YLVXDO�DQG�WDFWLOH�IHHGEDFN

� 7UDQVSDUHQW�SRO\FDUERQDWH�	
JORVV\�+,3V�FUHDWHV�LQWHUHVWLQJ�DQG
DSSHDOLQJ�DHVWKHWLF�

7UDQVSDUHQW�
SRO\FDUERQDWH�	�JORVV\�

+,3V�EOHQG

����+HLJKW����PP

����'LDPHWHU���PP

����8QLIRUP�F\OLQGULFDO�
ERG\

/DEHO

����7RS�KDOI�LV�URWDWLQJ�
ORFN

����:KHQ�RUDQJH�
VWULSHV�DUH�
DOLJQHG��WKH�

GHYLFH�LV�ORFNHG

����5HSODFHDEOH�
FDUWULGJH�

FRQWDLQLQJ�V\ULQJH�
	�VROXWLRQ

����
0HFKDQLVP�
DFWLYDWHG�E\�
SXVKLQJ�

RUDQJH�HQG�
WRZDUGV�VNLQ

����/RFN�GLUHFWLRQ�
LQGLFDWRUV

'HYLFH�PD\�EH�
GLIˋFXOW�WR�KROG�
ZKHQ�XQORFNHG�
GXULQJ�XVH

����%ROG�UHG�FRORUV�
IRU�LGHQWLˋDELOLW\

����IRQW�IRU�
LGHQWLˋDELOLW\

����5HG�DUURZ�
LQGLFDWLQJ�

ERWWRP�HQG�RI�
GHYLFH

,QVXIˋFLHQW�VSDFH�
IRU�LQVWUXFWLRQV�	�

XVH�JXLGDQFH

��

)XQFWLRQ�����
$HVWKHWLFV�����

6DIHW\�����
(UJRQRPLFV�����

/LPLWDWLRQV

�������'HVLJQ���



8QORFNHG�VWDWH��&ODVS�LV�IUHH�WR�
FORVH�

&DUWULGJH�LV�
VHFXUHG�WR�
VSULQJ�ZLWK�
VFUHZ�
WKUHDGV��

5DP�EUHDNV�
VHDO�EHIRUH�
QHHGOH�
SXQFWXUHV
VNLQ

6HDO

/RFNHG�VWDWH��
&ODVS�FDQQRW�
FORVH

&DUWULGJH

0HFKDQLVP�3URWRW\SH

��

�������&RQFHSWXDO�0RGHOOLQJ



��

0HFKDQLVP�'UDZLQJ



3URQJV�ZHUH�FKDQJHG�IURP�
WZR�SURQJ�WR�WKUHH�SURQJ��WR�
UHWDLQ�VWUHQJWK�ZKLOVW�WKLQQLQJ�
LQFUHDVLQJ��ˌH[LELOLW\��

+ROORZHG�DUHDV�WR�UHGXFH�
ZHLJKW�	�PDWHULDO

6KHOO�GLYLGHG�LQ�KDOI��VR�WKDW�LW�
FDQ�EH�WDNHQ�DSDUW�WR�FKDQJH�
LQWHUQDOV�IRU�WHVWLQJ��

6KHOO�SULQWHG�OHQJWKZLVH�WR�UHWDLQ�VWUHQJWK�XQGHU�WHQVLRQ�
IURP�VSULQJV�

3URQJV�SULQWHG�VHSDUDWHO\�IURP�KDPPHU�WR�UHSODFH�LI�
EURNHQ��

ȡ&RQHȢ�DGGHG�DURXQG�KDPPHU�WR�KROG�VSULQJ��

3URQJV�FOLSV

+DPPHU

+DPPHU�KROGHU

&DUWULGJH

&DUWULGJH�VSULQJ

+DPPHU�6SULQJ

+DPPHU�KROGHU�
VSULQJ

6KHOO�FDVLQJ

3URQJV�FODVS�LQZDUGV�WR�XQKRRN�IURP�KDPPHU�
KROGHU��ˋULQJ�WKH�KDPPHU�

��

,WHUDWHG�PHFKDQLVP�IURP�LQLWLDO�GHVLJQ�



3URQJV�DUH�ˌH[LEOH�HQRXJK�WR�
FROODSVH�DQG�ˋW�WKURXJK�KROH�

䘟�

$QJOHG�WRSV�RQ�
SURQJV�DOORZ�LW�WR�
EH�SXVKHG�WKURXJK�
䘟

3URQJV�EHIRUH�EHLQJ�SXVKHG�
WKURXJK

+DPPHU�LV�UHOHDVHG�䘟

3URQJV�DUH�VXFFHVVIXOO\�
GLVORGJHG�ZKHQ�KDPPHU�

KROGHU�LV�SXVKHG�XSZDUGV�䘟�

1HXWUDO�SRVLWLRQ
6SULQJ�LQVLGH�KDPPHU�

KROGHU�WR�HMHFW�
KDPPHU

6SULQJ�HMHFWV�
KDPPHU�UDSLGO\�

䘟

+DPPHU�	�KDPPHU�
KROGHU

ȡ&RQHȢ�WR�KROG�
VSULQJ

7RR�PXFK�IULFWLRQ�
EHWZHHQ�KROGHU�	�FDVH�䘤

ȡ6QDSVȢ�IRU�DXGLR�	�WDFWLOH�
IHHGEDFN�䘟

3URQJV�GR�QRW�EUHDN�DIWHU�
UHSHDWHG�GHIRUPDWLRQ�䘟

3URQJV�SUHYHQW�
VSULQJ�IURP�
HMHFWLQJ�䘟�

3DUWV�SULQWHG�
OHQJWKZLVH�KHOSV�

GLVWULEXWH�IRUFH�IURP�
VSULQJ�䘟

��

3URQJV�KDPPHU�PHFKDQLVP

7ULJJHU���$FWLYDWLRQ�0HFKDQLVP



7ZLVW�ORFN�PHFKDQLVP�WR�
VHFXUH�FDSVXOH�

3HJV�RQ�ERWK�VLGHV�RI�FDSVXOH

6SULQJ�WR�NHHS�KDPPHU�
KROGHU�LQ�GRZQZDUGV�
SRVLWLRQ�䘟

6SULQJ�WR�NHHS�FDSVXOH�LQ�
GRZQZDUGV�SRVLWLRQ�䘟

6SULQJ�GRHV�QRW�SURYLGH�HQRXJK�
IRUFH��WRR�HDV\�WR�SXVK�䘤�

7RR�PXFK�IULFWLRQ�EHWZHHQ�
FDUWULGJH�	�FDVH�䘤

8QORFNHG�SRVLWLRQ�
�SHJV�H[SRVHG�

/RFNHG�SRVLWLRQ��SHJV�
HQFORVHG�

a��PP�RI�WUDYHO�GLVWDQFH��PD\�EH�
WRR�VKRUW�䘤�

7RR�PXFK�IULFWLRQ�EHWZHHQ�KROGHU�	�
FDVH�䘤

3RRU�LQGLFDWLRQ�RI�ORFN�XQORFNHG�VWDWH�
䘤

&KDPIHUHG�OHGJH�
WR�SXVK�LQWR�
KDPPHU�KROGHU

:KHQ�FDUWULGJH�LV�
SXVKHG�XSZDUGV��SURQJV�
DUH�UHOHDVHG�䘟�

&DUWULGJH�KROGHU�LV�QRW�VHFXUHG�WR�VKHOO�
䘤

��

5HORDGDEOH�FDUWULGJH��,WHUDWHG�PHFKDQLVP�IURP�LQLWLDO�GHVLJQ��



5HG�GRWV�LQGLFDWH�
ZKHQ�GHYLFH�LV�
ORFNHG�XQORFNHG

&DUWULGJH�LV�VHFXUHG�
YLD�VFUHZ�WKUHDGV

$UURZ�LQGLFDWRUV�VKRZ�GLUHFWLRQ�
WR�XQORFN

.QXUOHG�WH[WXUH�
IRU�EHWWHU�JULS

2UDQJH�FRORU�IRU�
LGHQWLˋDELOLW\

&XUYHG�HGJH�
KHOSV�
GLIIHUHQWLDWH�
EHWZHHQ�
WRS�ERWWRP

*ORVV\�
+,3V�
SODVWLF

0LGGOH�RI�FXUYH�VHUYHV�
DV�ȡJURRYHȢ�WR�SODFH�
KDQG

0HFKDQLVP�
DFWLYDWHG�E\�ˋUP�
SUHVV�WR�VNLQ

%ROG�UHG�FRORUV�IRU�
LGHQWLˋDELOLW\

6LPSOH��
PLQLPDO�
JUDSKLFV

&DS�LV�IULFWLRQ�ˋW�WR�
FDUWULGJH

%ROG�DUURZ�KHOSV�
LGHQWLI\�WRS�ERWWRP�RI�
SHQ

ÂÇ
ÈZ

Z

��PP

,QVWUXFWLRQ�
WR�386+��
LQVWHDG�RI�
VZLQJ

7DFWLOH�
ȡEXPSȢ�
ZKHQ�
GHYLFH�LV�
ORFNHG
�XQORFNHG

&XUYH�OHVV�
ȡDJJUHVVLYHȢ�IRU�
ˋQJHU�	�SDOP�
FRPIRUW�

�����)LQDO�'HVLJQ

��



6SHFLˋFDWLRQ� �䘟�a�䘤

����/RFN�WKDW�SUHYHQWV�PLVˋUHV 䘟

����*UDSKLFDO�XVH�JXLGDQFH�	�DIIRUGDQFH� 䘟

����0HFKDQLVP�DFWLYDWHG�UDSLGO\�DQG�LQWHQWLRQDOO\ 䘟

����'RVHV�RI�HSLQHSKULQH�DUH�UHSODFHDEOH� 䘟

����3ULFH�UDQJH�RI�GHYLFH��������86'��(DFK�FDUWULGJH�SULFHG�������86'� �WHVWLQJ�

����0RVWO\�F\OLQGULFDO�V\PPHWULFDO�KRXVLQJ 䘟

����+HLJKW����PP��GLDPHWHU�a�����PP 䘟

����&KLOGUHQ�DJHG�������3RRUHU�IDPLO\�EDFNJURXQGV��VXIIHU�IURP�DQDSK\OD[LV �WHVWLQJ�

����*UDSKLFV�DUH�VLPSOH�DQG�HDV\�WR�XQGHUVWDQG� 䘟

��

-XVWLˋFDWLRQ

'HVLJQ� ��� KDV� EHHQ� GHYHORSHG� IRU� WKH� ˋQDO�
GHVLJQ��0RGLˋFDWLRQV�KDYH�EHHQ�PDGH���WKH�ERG\�
LV�QRZ�PDGH�RI�3/$��DOORZLQJ�LW�WR�EH�FRQVWUXFWHG�
YLD� )'0� WR� UHGXFH� FRVWV�� 7KH� ERG\� LV� PRUH�
XQLIRUP��ZLWK��D��VKDOORZ�FXUYH���DFKLHYLQJ��DIIRUGD�
QFH� ZKLOVW� DOORZLQJ� LW� WR� EH� KHOG� LQ� GLIIHUHQW�
RULHQWDWLRQV� FRPIRUWDEO\� E\� WKH� XVHU�� 7KLV� DOVR�
DOORZV�PRUH�VSDFH�IRU�JUDSKLFV��WR�LQFUHDVH�FODULW�
\�RI�LQVWUXFWLRQV�DQG�XVH�JXLGDQFH��7KH�ORFN�KDV�D�
NQXUOHG�WH[WXUH�WR�LQFUHDVH�JULS��DQG�WKH�UHG�GRWV�
LQGLFDWH�ZKHQ�WKH�GHYLFH�LV�ORFNHG��:KHQ�WZLVWHG�
����GHJUHHV��D�VPDOO�WDFWLOH�ȡEXPSȢ�FDQ�EH

IHOW� WR� LQGLFDWH� WKDW� WKH�GHYLFH�KDV� EHHQ� ORFNHG��
7KLV�GHVLJQ�SRVHV��PDQ\�DGYDQWDJHV�RYHU�FRQYHQ�
WLRQDO�($,V��

0DLQO\�� WKH� GHVLJQ� IXOˋOOV� WKH� IXQFWLRQ� RI� EHLQJ�
UHXVDEOH�� LQFUHDVLQJ� DIIRUGDELOLW\� DQG� UHGXFLQJ�
FRVWV��WR�WKH�FRQVXPHU�LQ�WKH�ORQJ�WHUP���,Q��DGGLW�
LRQ��,W�EHWWHU�DFKLHYHV�XVH�JXLGDQFH�WKURXJK�PRUH�
DFFXUDWH� LQVWUXFWLRQV�� DQWKURSRPHWULFV�� DQG��
HUJRQRPLFV����7KH�GHYLFH�DOVR��KDV��KLJK��FRPS�
DWLELOLW\� WR�H[LVWLQJ�($,V�� DV� LW� DFWLYDWHV� WKURXJK�
SUHVVLQJ�WKH�FDUWULGJH�WRZDUGV�VNLQ���7KLV�LQFUHDV�
HV�IDPLOLDULW\�DQG�UHGXFHV�WKH�OHDUQLQJ�FXUYH�

&RPSRQHQW 0DWHULDO &RVW $GYDQWDJHV 'LVDGYDQWDJHV

6SULQJ

&DUERQ
VWHHO
�DOOR\��

a��������
���NJ

��YHU\�KLJK�\LHOG�
VWUHQJWK�HODVWLFLW\�
�%HFN��������
��9HU\�KLJK�KDUGQHVV

��/RZHU�GXFWLOLW\�	�
PDOOHDELOLW\��GLIˋFXOW�WR�
PDQLSXODWH�LQWR�D�FRLO�
��ORZHU�FRUURVLRQ�
UHVLVWDQFH�

$OXPLQLXP a�����NJ

��ORZ�GHQVLW\
��YHU\�KLJK�GXFWLOLW\�	�
PDOOHDELOLW\��$=R0��
�����

��ORZHU�\LHOG�
VWUHQJWK�HODVWLFLW\
��ORZ�KDUGQHVV

;[[� �VHOHFW��[[[� �UHMHFW��[[[ �LPSRUWDQW�SURSHUWLHV
�����0DWHULDOV�DQG�3URFHVVHV



3RLQW�RI�VWUHVV�DW�ZKLFK�
PDWHULDO�ZRXOG�EH�

SHUPDQHQWO\�GHIRUPHG

6WHHO�!�DOXPLQLXP
�/LX��HW��DO�������

��

+DPPHU
3URQJV��VKHOO��

ORFN��
FDUWULGJH��
KDPPHU��
KDPPHU�
KROGHU��
FDUWULGJH�
KROGHU��

FRYHU�FDS

3/$�3ODVWLF ������SHU�
FP�

��&KHDS�DQG�HDV\�WR�
PDQLSXODWH��YLD�)'0�
��9HU\�ORZ�FRVW�
��ELRGHJUDGDEOH
��+LJK�VWLIIQHVV��5RJHUV��
�����

��+LJKO\�EULWWOH
��9HU\�ORZ�WKHUPDO�
UHVLVWDQFH

$%6
3ODVWLF

������SHU�
FP�

��9HU\�ORZ�FRVW
��+LJK�WRXJKQHVV�
�&2(;�
��/RZ�GHQVLW\
��+LJK�WKHUPDO�
UHVLVWDQFH

��'LIˋFXOW�WR�UHF\FOH
��0RUH�GLIˋFXOW�WR�
PDQLSXODWH�YLD�)'0�
�GXH�WR�KLJK�WKHUPDO�
UHVLVWDQFH�

3RO\�
FDUERQDWH�
3ODVWLF

Q�D

��9HU\�KLJK�LPSDFW�
UHVLVWDQFH��%3)��
��/RZ�GHQVLW\

��9HU\�ORZ�KDUGQHVV
��+LJK�WKHUPDO�
H[SDQVLRQ

/DEHO

9LQ\O ���������
��NJ

��KLJK�KDUGQHVV�	�
FRUURVLRQ�UHVLVWDQFH�
�$=R0�������
��*RRG�SULQWLQJ�DELOLW\

��2QO\�MRLQLQJ�WKURXJK�
DGKHVLRQ
��KLJK�FRVW�

3RO\�
SURS\OHQH Q�D

��KLJK�KDUGQHVV�	�
FRUURVLRQ�UHVLVWDQFH�
�%3)�
��$OORZV�IRU�
WKHUPRIRUPLQJ

��/RZHU�SULQWLQJ�
DELOLW\�TXDOLW\
��VXVFHSWLEOH�WR�89�
GHJUDGDWLRQ�RYHUWLPH



0HWKRG 7RROV�	�
0DWHULDOV 6NLOO� $GYDQWDJHV 'LVDGYDQWDJHV

)XVHG
'HSRVLWLRQ
0RGHOOLQJ

�'�3ULQWHU
)LODPHQW

��$OORZV�IRU�UDSLG�
SURWRW\SLQJ�ZLWK�
DIIRUGDEOH�PDWHULDOV
��(QDEOHV�WKH�XVH�RI�&$'

��3RVW�SURFHVVLQJ�QHHGHG�
WR�DGGUHVV�ȡULSSOHVȢ
��ȡ5LSSOHVȢ�PD\�FDXVH�ORZHU�
GXUDELOLW\

6WHUHR�
/LWKRJUDSK\

5HVLQ�SULQWHU�
)LODPHQW

��$OORZV�IRU�UDSLG�
SURWRW\SLQJ�ZLWK�KLJK�
GHWDLO�DQG�TXDOLW\
��(QDEOHV�WKH�XVH�RI�&$'

��+LJK�FRVW�RI�ˋODPHQW�
�UHVLQ�

6SUD\
3DLQWLQJ $HURVRO�3DLQW

��$OORZV�IRU�UDSLG�SDLQWLQJ
��+LJK�GXUDELOLW\�RI�SDLQW�
DSSOLHG
��$SSOLFDWLRQ�RI�GLIIHUHQW�
FRDWLQJV�RU�ˋQLVKHV

��5,VN�RI�XQHYHQ�
ˋQLVK�HUURU��ORZHU�PDUJLQ�
IRU�HUURU�

)DVWHQHUV 6FUHZV�
6FUHZGULYHU

��$OORZV�WKH�SURWRW\SH�WR�
EH�
GLVDVVHPEOHG�UHDVVHPEOH
G�ZKHQ�QHHGHG

��7HPSRUDU\�MRLQLQJ�
WHFKQLTXHV�PD\�QRW�
SURYLGH�VXIˋFLHQW�
GXUDELOLW\�RYHUWLPH�

9LQ\O�
6WLFNHUV 9LQ\O�6WLFNHU

��+LJK�GXUDELOLW\�DQG�
TXDOLW\�RI�SULQW

��$GKHVLYHV�PD\�IDLO�
RYHUWLPH

+HDW�
WUDQVIHU

+HDW�WUDQVIHU�
3DSHU��3ULQWHU�

,URQ

��$GKHVLRQ�IRU�D�ORQJHU�
SHULRG�RI�WLPH

��/RZHU�TXDOLW\�DQG�
GXUDELOLW\�RI�SULQW�

/dg<s
+<Q[jQ[O

�Ig]h]Y�+<Q[j

���YY]qh�N]g�g<dQG�d<Q[jQ[O
���QOP�Gkg<DQYQjs�]N�d<Q[j�<ddYQIG
���ddYQE<jQ][�]N�GQNNIgI[j�E]<jQ[Oh�]g�
NQ[QhPIh

��.�hX�]N�k[IpI[�NQ[QhP�Igg]g�¥Y]qIg�
Z<gOQ[�N]g�Igg]g¦

�<hjI[Igh
/EgIqh�

/EgIqGgQpIg

���YY]qh�jPI�dg]j]jsdI�j]�DI�
GQh<hhIZDYIG�gI<hhIZDYIG�qPI[�
[IIGIG

��0IZd]g<gs�W]Q[Q[O�jIEP[QfkIh�Z<s�
[]j�dg]pQGI�hkNNQEQI[j�Gkg<DQYQjs�
]pIgjQZI�

6Q[sY�/jQEXIgh 6Q[sY�/jQEXIg ����OP�Gkg<DQYQjs�<[G�fk<YQjs�]N�dgQ[j ���GPIhQpIh�Z<s�N<QY�]pIgjQZI

�I<j�
jg<[hNIg

�I<j�jg<[hNIg�
+<dIg��+gQ[jIg

��g][

���GPIhQ][�N]g�<�Y][OIg�dIgQ]G�]N�
jQZI

�� ]qIg�fk<YQjs�<[G�Gkg<DQYQjs�]N�
dgQ[j�

/PIYY�²��<ZZIg��+ ��+Y<hjQE�pQ���!�
0PQh�qQYY�]pIg<YY�gIGkEI�jPI�E]hj�]N�dg]GkEQ[O�jPQh�dg]j]jsdI��<[G�
Q[EgI<hI�jPI�hdIIG�]N�dg]GkEjQ][��+ ��Q[�d<gjQEkY<g�I[hkgIh�<�O]]G�
GIOgII�]N�fk<YQjs�qPQYhj�gIZ<Q[Q[O�<NN]gG<DYI��

/dgQ[O��<gD][�hjIIY�pQ<�dkgEP<hI�][YQ[I
/dgQ[O�E<gD][�qQYY�<YY]q�jPI�GIpQEI�j]�hj]gI�I[IgOs�E][hQhjI[jYs�]pIg�
Y][O�dIgQ]Gh�]N�khI���j�qQYY�DI�dkgEP<hIG�<h�Z<EPQ[Igs�Qh�gIfkQgIG�j]�
Z<[kN<EjkgI�Qj��

<gjgQGOI��+ ��+Y<hjQE�pQ<���!
/QZQY<gYs��+ ��qQYY�gIGkEI�jPI�]pIg<YY�E]hj�<[G�jQZI�N]g�dg]GkEjQ][��/Q[EI�
jPI�E<dhkYI�qQYY�DI�kYjQZ<jIYs�GQhd]hIG�<NjIg�khI��+ ��Z<s�DI�hkQj<DYI�<h�
Qj�Qh�DQ]GIOg<G<DYI��

;[[� �IDPLOLDU��[[[� �VRPHZKDW�IDPLOLDU��[[[� �XQIDPLOLDU

��



%LOO�RI�PDWHULDOV

3DUW 9ROXPH��PP�� :HLJKW��J� 4XDQWLW\ 0DWHULDO &RVW��86'�

6KHOO ����� ���� � 3/$�3ODVWLF �����

+DPPHU��	�SURQJV� ���� ���� � �����

+DPPHU�KROGHU� ���� ���� � �����

&DUWULGJH�+ROGHU ���� ���� � �����

&DUWULGJH ���� ���� � �����

&DS ����� ���� � �����

/RFN ���� ���� � �����

6SULQJ��KDPPHU�
KROGHU�

��� ���� � &DUERQ�6WHHO �����

6SULQJ��KDPPHU� ��� ���� � �����

6SULQJ��FDUWULGJH� ��� ����� � �����

6FUHZV� � � � 6WDLQOHVV�
6WHHO

�����

��



($,�6KHOO

�����2UWKRJUDSKLF�'UDZLQJV

��



��



��



��



��



($,�6SULQJV

��



EĦĉŜĉÃğ˘#êŔĉĀĦŔ˘ʹğÃßêğʺ

3URFHVVHV (TXLSPHQW 7LPH 4XDOLW\�
$VVXUDQFH

5LVN�$VVHVVPHQW

&UHDWLQJ�ˋQDO�SURWRW\SH�LQ�&$' &RPSXWHU �K 3XUFKDVH�VSULQJV�
WR�HQVXUH�
FRPSDWLELOLW\�
DQG�FRUUHFW�
GLPHQVLRQV��

6HGHQWDULQHVV��
(QVXUH�VXIˋFLHQW�
UHVW�LQ�EHWZHHQ�
ZRUN��

([SRUW�WR�SULQW�VRIWZDUH�	�
DGMXVWPHQWV��SULQW�RULHQWDWLRQ��
SULQW�VHWWLQJ��LQˋO��TXDOLW\��

&RPSXWHU ��
PLQV

(QVXUH�FRUUHFW�
WROHUDQFH�DQG�
DGMXVW�SULQWHU�
VHWWLQJV�
DFFRUGLQJO\

Q�D�

3ULQW�YLD�)'0���'�3ULQWHU� &RPSXWHU�
�'�3ULQWHU�
3/$�
ˋODPHQW

��K (QVXUH�SULQW�SODWH�
LV�OHYHO�DQG�WKHUH�
LV�VXIˋFLHQW�3/$�
ˋODPHQW��

+HDW�EXUQV�IURP�
KRW�SODWH�QR]]OH�RQ�
�'�3ULQW�DQG�
ZDUSLQJ��$OORZ�
SULQW�WR�IXOO\�FRRO�
EHIRUH�UHPRYLQJ��

3RVW�SURFHVVLQJ��VXSSRUW�UHPRYDO� 3OLHUV�
)LOH

���
PLQV

'R�QRW�UXVK�
SURFHVV�DQG�FXW�
VXSSRUW�FDUHIXOO\��

3RWHQWLDO�GDPDJH�
WR�SULQW��$YRLG�E\�
FXWWLQJ�VXSSRUW�
FDUHIXOO\�DQG�QRW�
IRUFHIXOO\��

3RVW�SURFHVVLQJ��VDQGLQJ�
IRU�FRPSRQHQWV�ZLWK�WLJKW�LQFRUUHFW
WROHUDQFHV

6DQGSDSHU��
ˋOH�

��
PLQV

'R�QRW�UXVK�
SURFHVV�DQG�VDQG�
VXUIDFHV�HYHQO\��

3RWHQWLDO�GDPDJH�
WR�SULQW��$YRLG�E\�
VDQGLQJ�VXUIDFHV�
OLJKWO\�	�HYHQO\��

3RVW�SURFHVVLQJ��SDLQWLQJ�
IRU�H[WHUQDO�FRPSRQHQWV�L�H��VKHOO

6SUD\�SDLQW �K 'R�QRW�UXVK�
SURFHVV��VKRUW�
EXUVWV�RI�SDLQW��
HQVXUH�HQRXJK�
WLPH�WR�GU\��

+DUPIXO�IXPHV�
IURP�DHURVRO�SDLQW��
:RUN�LQ�D�
YHQWLODWHG�
URRP�ERRWK

$VVHPEO\�RI�KDPPHU��VHH�GLDJUDP�
IRU�DVVHPEO\�

6SULQJV� ��
PLQ

(QVXUH�FRUUHFW�
OHQJWK�RI�VSULQJ�
ZKHQ�FXWWLQJ�E\�
UHIHUHQFLQJ�GHVLJQ�
SURSRVDO�

'HIRUPDWLRQ�WR�
VSULQJ�ZKHQ�
FXWWLQJ��$YRLG�E\�
XVLQJ�ODUJH�SOLHUV�
WKDW�FDQ�VXSSO\�
VXIˋFLHQW�IRUFH��

$VVHPEO\�RI�VKHOO�	�RWKHU�
FRPSRQHQWV��VHH�GLDJUDP�IRU�
DVVHPEO\�

6FUHZ�
'ULYHU�
�PP�EROWV�
��PP�QXWV

��
PLQ

(QVXUH�FRUUHFW�
WROHUDQFHV�LQ�
VFUHZ�KROHV��,I�
QRW��UHWXUQ�WR�
VDQGLQJ�ZLWK�D�ˋOH�
RU�XVH�D�GULOO��

&UDFNLQJ�WR�VKHOO�
GXH�WR�WLJKW�ˋWV��
$YRLG�H[FHVVLYHO\�
VFUHZLQJ��

�����3ODQ�RI�3URGXFWLRQ

��



���,QVHUW�WKH�
KDPPHU�VSULQJ�DQG�
KDPPHU�LQWR�WKH�
KDPPHU�KROGHU��
3ODFH�WKH�KDPPHU�
KROGHU�VSULQJ�RQ�
WKH�WRS�OHGJH�RI�WKH�
KDPPHU�KROGHU�

���$OLJQ�DQG�SODFH�WKH�ORFN�
ZLWKLQ�WKH�WRS�FDYLW\�RI�WKH�
VKHOO�DV�VKRZQ�RQ�WKH�GLDJUDP�

���3ODFH�WKH�UHPDLQLQJ�VSULQJ�
DQG�FDUWULGJH�KROGHU�ZLWKLQ�
WKH�ERWWRP�FDYLW\�RI�WKH�VKHOO��
$OLJQ�WKH�ȡZLQJVȢ�RI�WKH�
FDUWULGJH�KROGHU�DQG�SODFH�DV�
VKRZQ�RQ�WKH�GLDJUDP�

���3ODFH�WKH�QRZ�DVVHPEOHG�
KDPPHU�KROGHU�DQG�KDPPHU�
ZLWKLQ�WKH�PLGGOH�FDYLW\�RI�WKH�
VKHOO�DV�VKRZQ�

���,QVHUW�VFUHZV�WR�
WKH�DUHDV�DV�
LQGLFDWHG�DQG�IDVWHQ�

���,QVHUW�DQG�
IDVWHQ�WKH�
FDUWULGJH�DQG�
FDS�

��



�ĉßğĉĬĀŎÃŋĆž
�����5HIHUHQFHV

������:ULWWHQ�E\�$=R0-XQ����Ȥ$OXPLQXP���
$GYDQWDJHV�DQG�3URSHUWLHV�RI�$OXPLQXP�ȥ�
$=R0�FRP�����'HF��������
ZZZ�D]RP�FRP�DUWLFOH�DVS["$UWLFOH,' ������

Ȥ�����3RYHUW\�*XLGHOLQHV�ȥ�$63(�����0D\�������
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Hybrid Sentiment Analysis system to extract Language Bias in news media

Sally Sijie Song 㴝䘽㨣

Abstract

The modern news media is often biased. By pushing a certain perspective through its news narrative, biased news
outlets are able to use their influence to manipulate public perception of information. Amongst other methods of
swaying their audience, strategic word choices are frequently incorporated in news reports. This method is usually
successful, the primary reason being the audience is unaware of how most news articles are biased. It is, therefore,
the aim of this study to detect and quantify the affective states in the language used in modern news articles using a
novel sentiment analysis model.

VADER (Valence Aware Dictionary and sEntiment Reasoner) is a lexicon and rule-based sentiment analysis tool spe-
cially adapted to analyze short social media texts. In this paper, an error analysis of VADER is performed in a trans-
ductive transfer learning scenario; the pre-trained tool is then optimized using a Multinomial Naive Bayes classifier
trained onmovie reviews for detecting and quantifying sentiments in news articles. This is done manually after ana-
lyzing the outputs and combining the strengths of eachmodel to create an improved hybrid system. This novelmodel
that gives insight into the severity of bias in major global news outlets for later analysis, is presented and evaluated.

1 Introduction

Thepresent-daynewsmedia exerts great influence
over public opinion on the issues that are being
reported. This power is often abused when news
reports stray from objective facts and instead at-
tempt to promote certain viewpoints over others.

Media bias can be accomplished through multi-
ple means, such as the omission of information
(intentionally omitting information that may dis-
credit one’s point) or the emphasis on certain
views over others (e.g. including more liberal
views than conservative views). It is difficult, how-
ever, to quantify information bias as there is no
clear measure for the level of information trans-
parency in journalism. Therefore tone bias, as it is
relatively more detectable, usually functions as an
indicator of bias for readers (Pannucci & Wilkins,
2011).

This paper defines biased language in news media
as strategically selecting words that carry nonob-
jective attitudes with the intent to induce an af-
fective response in the reader. Humans are often
prone to persuasion by biased language, mainly

because news outlets tend to use only subtly bi-
ased language whose subjectivity is undetectable.
Computer algorithms, on the other hand, use a
fixed criterion which makes them capable of de-
tecting and evaluating bias accurately and objec-
tively.

Sentiment analysis (also referred to as opinion
mining) is a natural language processing (NLP)
task that uses data mining and text analysis to ex-
tract subjective attitudes from a body of text. A
common use of sentiment analysis is extracting
sentiments from socialmedia content to recognize
public opinion on certain topics or products.

2 Background

2.1 Historical Background

Sentiment analysis is one of the most rapidly de-
veloping fields of computer science. To under-
stand the historical origin of sentiment analysis,
Mäntylä. et al. (2018) used text mining and qual-
itative coding to analyze 6,996 papers from Sco-
pus to generate a literature review on the evolu-
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tion of sentiment analysis. They found that sen-
timent analysis was first utilized in text subjectiv-
ity analysis by the computational linguistics com-
munity in the 1990s, as well as for studying pub-
lic opinion at the beginning of the 20th century.
However, sentiment analysis research only gained
notable popularity in 2004, as 99% of the papers
from Scopus were from after 2004. Pang and Lee
(2007) attributed the following factors as causes
for this sudden increase in sentiment analysis re-
search:

• the rise of machine learning methods in nat-
ural language processing and information re-
trieval;

• the increased supply of subjective texts on the
World Wide Web, due to its popularity gain
and, specifically, the exponential growth of
online review sites;

• recognition of researchers for the wide range
of applications and intellectual exploration
that the area offers.

It was also found by Mäntylä. et al. (2018) that the
usage of sentiment analysis has expanded signif-
icantly in recent years – the most studied senti-
ment analysis tasks have evolved from interpret-
ing online product reviews for commercial pur-
poses to analyzing texts on social platforms. The
study of sentiment analysis has branched out fur-
ther to connect with other areas of research, such
as the stock market, elections, medicine, cyber-
bullying, software engineering, etc.

2.2 Sentiment Analysis

To define the characteristics of sentiment analy-
sis, Pang and Lee (2007) identified its regression-
like nature which differentiates it from other fact-
based text-mining tasks such as part-of-speech
tagging or named-entity recognition. They exam-
ined factors that make sentiment analysis a diffi-
cult task and concluded that the complex gram-
matical rules and devices of the English language
means that the sentiments of a single word is fluid
under different contexts, under situations where
sentiment is expressed without the use of subjec-
tive words, the lexicon would be deemed ineffec-
tive. In conclusion, sentiment depends heavily on

the context. Thus it is difficult to quantify the sen-
timent expressed with a numerical unit of mea-
sure.

2.2.1 Sentiment Polarity

In polarity classification, where the task is to clas-
sify the text sentiment as either negative or pos-
itive, the line between subjective and objective
information blurs. Pang and Lee (2007) specify
examples where inherently objective information
can convey subjective meaning based upon the
context. For example, “battery life is 2 hours” is
objective information but can be interpreted neg-
atively when compared to the general standard for
battery life. Some words, such as “democrats” can
carry different sentiment polarity depending on
the recipient of the information.

Pang and Lee (2007) also suggested other ap-
proaches that may be taken to create or assist a
model for sentiment polarity classification. These
approaches are summarized below:

• Related categories: analyzing text on other
features related to polarity, such as catego-
rizing reasons behind a certain sentiment (“I
don’t like this computer because of its short
battery life”) or ranking with comparative po-
larity (“I like this product less than the one
last year”) or using outcome polarity such as
recovery/death in medical journals to predict
possible polarity.

• Rating inference (ordinal regression): an-
alyzing data that provides the author’s self-
rating on the sentiment expressed by their
text (i.e. product reviews where users rate
their satisfaction from one to five). This sort
of analysis can arguably constitute a slightly
different category – ordinal regression.

• Agreement: agreement detection (determin-
ing whether two pieces of text agree with each
other)

2.2.2 Sentiment Intensity (Valence)

Yu and Hatzivassiloglou (2003) approached senti-
ment valence by classifying a text as either subjec-
tive, neutral, or objective.
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Hatzivassiloglou and Wiebe (2000) established
that adjective orientation has a prominent effect
on the subjectivity of a sentence through studying
the effects of dynamic adjectives, semantically ori-
ented adjectives, and gradable adjectives on a sub-
jectivity classifier. They created a novel method
that statistically combines two indicators of grad-
ability, showing that sets involving dynamic adjec-
tives with positive or negative polarity or gradabil-
ity are better predictors of subjective sentences
than the class of adjectives as a whole.

2.2.3 Valence Aware Dictionary and sEnti-
ment Reasoner (VADER)

Specially designed for the purpose of analyzing so-
cial media content, the sentiment analysis lexicon
VADER is trained to evaluate short social media
texts. Thismodel, with its unique approach of em-
ploying pure manual human analysis in its lexicon
generation, has the highest performance scores
out of 11 state-of-the-practice sentiment analy-
sis tools on four different domains and remains
one of the most reliable sentiment analysis mod-
els. However, this model performed less success-
fully in other domains. Of the four domains tested,
its performance score was the lowest on New York
Times (NYT) Editorials, which also happens to be
the domain with the longest text. Its overall pre-
cision, recall, and F₁ (the harmonic mean of Pre-
cision and Recall) scores on NYT Editorials is 0.69,
0.49, and 0.55 respectively, compared to its perfor-
mance on a dataset of social media text (tweets),
which yielded scores of 0.99, 0.94 and 0.94 respec-
tively (Hutto & Gilbert, 2014).

Manually generated lexicons such as VADER are
often rigid and carry drawbacks that, although in-
significant, are difficult to resolve withmanual ap-
proaches. In an attempt to resolve these errors
and increase the accuracy of the VADER tool in
the newswire domain, a probabilistic model – the
Naive Bayes classifier – which generally displays
more flexibility at domain adaptation than a rule-
based model (Russell & Norvig, 2018), was com-
bined with the VADER model.

Naive Bayes (NB) is a conditional probability clas-
sifier established on the basis of Bayes’ theorem
(its exponential form shown below):

P(y|X) =
P(X|y) · P(y)

P(X)

Where y and X are events, P(y) is the probability of
event y occurring, P(y) is the probability of event y
occurring, P(X|y) is the probability of event X oc-
curring given that event y has already occured, and
P(y|X) is the probability of event y occurring given
that event X has already occured. The theorem
calculates P(y|X) under the naive assumption that
all features in P(y) and P(X) are mutually indepen-
dent. It then finds the maximum probability (y)
through this equation where P(X) is a constant:

y = argmaxy[P(y) ·
n∏

i=1

P(xi|y)]

VADER classifies inputwith regard to both polarity
and valence. Created by Hutto and Gilbert (2014)
in their research article “VADER: A Parsimonious
Rule-BasedModel for Sentiment Analysis of Social
Media Text,” it is rather unique in its approach: it
is the only method in existing literature that com-
pletely strays from an ML approach by employing
human labor to manually analyze text. It is also
the onlymodel reviewedhere that detects both po-
larity and valence. Without a ML approach, this
model is completely rule-based, combining gram-
matical rules with its human-generated lexicon.
Below are some heuristic rules devised by Hutto
and Gilbert (2014) to assess the polarity and va-
lence of a sentence:

1. Punctuation: “I like this.” versus “I like
this!”

2. Capitalization: “This place is amazing.” ver-
sus “THIS PLACE IS AMAZING.”

3. Degree modifiers: also called intensifiers,
booster words, or degree adverbs. “Good”
versus “Very good”

4. “But”: In the case of the contrastive conjunc-
tion “but”, the sentiment of the text following
the conjunction is dominant. “I like the food
here, but the service isn’t great.”

5. Negation: flips the polarity of the sentence
90% of the time, i.e. “The food here isn’t re-
ally all that great.”
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The output of VADER is a number from –4 to 4,
with –4 representing an “extremely negative” sen-
timent and 4 representing an “extremely positive”
sentiment. In this way, VADER measures the va-
lence of sentiment on a regression scale.

Hutto and Gilbert (2014) then evaluated the
VADER model against 11 typical benchmarks
which include lexicons such as LIWC (Linguistic
Inquiry andWord Count), ANEW (Affective Norms
for English Words), the General Inquirer, Senti-
WordNet, and ML models relying on Naive Bayes,
Maximum Entropy, and Support Vector Machine
(SVM) algorithms. The results show VADER to
have the highest classification precision, recall,
and F1 scores compared to the other 11 bench-
marks.

3 Method

In this paper, the VADER tool that is especially
attuned to sentiments in social media was com-
bined with a Multinomial Naive Bayes algorithm
trained on tweets to create a novel hybrid system
specialized in analyzing news articles for language
bias. The model development was based on an
analysis of the model in a transductive transfer
learning scenario, where the performance of the
VADER tool was first analyzed on a familiar do-
main, a dataset of NYT Editorials for error analy-
sis, and was then tested on an unfamiliar domain,
a dataset of recent online news articles. VADER’s
performance was compared with the Naive Bayes
model’s performance on the same dataset before
the most successful characteristics of each indi-
vidual model were combined and integrated.

The main challenge in finding training data for
models in this paper is the lack of availability
of sentiment-labelled newswire-based corpus (e.g.
NYT Editorials) on the Internet. Thus, the ML
model used in this paper is trained on domains of
movie reviews or tweets.

The VADER tool was obtained from GitHub, titled
under vaderSentiment by cjhutto1. The lexicon
was developed on a dataset of 4,000 tweets pulled
from Twitter’s public timeline and 200 tweets

1Link: https://github.com/cjhutto/vaderSentiment

specifically contrived to test syntactic and gram-
matical conventions.

The Naive Bayes model used the built-in classi-
fier of Textblob, which was trained on the built-
in movie review dataset in NLTK (the Natural Lan-
guage Toolkit).

VADER’s ground truth (i.e. the “correct answer”
the model uses as a target) on NYT Editorials
as well as its performance were examined for er-
ror analysis (see Section 3.1), since opinion arti-
cles are heavily composed of rhetoric, difficult to
analyze and therefore would induce an extensive
amount of errors for analysis. This data was ob-
tained from GitHub under the same directory as
that of the VADER tool.

VADER was then tested on an unfamiliar domain,
a manually collected small dataset of news arti-
cles on recent significant political events that un-
derwent extensive news coverage. Only political
events were chosen because other genres of fac-
tual news inherently contain polarity (i.e. climate
change is bad, stock market surge is good, etc.);
political news of topics such as terrorism that in-
herently contain strong polaritywere also not cho-
sen. The dataset consists of five snippets that were
taken from each of the 30 political news articles,
each article from one news outlet reporting on one
selected political event.

Table 1. Six influential English-based news outlets on
which the model’s performance will be evaluated on.

3.1 Error Analysis on VADER

VADER’s performance on NYT editorials was sig-
nificantly lower than its performance on social
media text. To discover the cause for this, an er-
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Table 2. Five recent significant political events in the
dataset.

ror analysis was performed on the ground truth
of the model. VADER’s ground truth was the av-
erage human rating of 20 human raters collected
in an anonymous survey. The ground truth of the
NYT editorials was provided by Hutto and Gilbert
(2014). Below are the characteristics observed
from these human ratings of texts:

1. Some neutral, factual sentences were rated
as having a sentiment intensity. For exam-
ple, “On Dec. 19, around noon, New York
City’s Union Square Business Improvement
District plans the First Santa Claus Ulympics
(that’s yule-lympics), in which about 50 con-
testants, in red suits and beards, will com-
pete.” was rated as having a 0.4 positive senti-
ment. Some questions, holding no sentiment
in itself, such as “Have countries threatened
with retaliatory tariffs under the new trade
law entered into negotiations with the United
States?” were rated as moderately nega-
tive (–0.55), although the question is neutral,
slightly negative at most.

2. On the other hand, some sentences that
carry sentiment were rated as neutral. The
sentence “It’s an economic euphemism with
precedent,” carries a negative sentiment but
was rated as neutral. This may be because the
word “euphemism” is a noun that is generally
neutral and its sentiment carried in this con-
text of criticism or mockery wasn’t detected.

3. Sarcasmwas not detected. For example, when
rating the sentences “Some budget terms are
technical necessities, like the distinction be-
tween actual outlays and budget authority.
Others are gems of political euphemism,”
both sentences were rated as having posi-
tive sentiments (0.05 and 0.95, respectively)
even though the second sentence actually
expresses criticism. This might be because
“gems” and “euphemism” are relatively posi-
tive words. The sentence “No one has devised
a euphemism of equal elegance for the other
side of the ledger – until now,” was also rated
as 1, extremely positive, even though it was
a sarcastic sentence that expresses a negative
connotation. There were many cases of sub-
tle sarcasm in theNYTeditorials thatwere not
detected by the algorithm.

4. Consecutive sentences were not analyzed in
accordance with each other, although it is of-
ten necessary to do so in order to analyze sen-
timents. For example, the sentences “The
new Reagan budget is skimpy on detail and
limp on initiatives, but page 2–13 offers a new
pearl of circumlocution. The Administration,
it says, calls for no cuts in benefit levels for
several programs,” were given separate senti-
ment scores, –0.75 and 0.35 respectively. This
analysis is incorrect because these two sen-
tences support each other, thus they convey
the same sentiment, which is a negative sen-
timent of relatively high intensity. A correct
analysis of one of these sentences cannot be
made without the context of the other sen-
tence.

In NYT editorials containing 500 snippets of news
articles, approximately five sentences out of the 10
sentences in the second snippet of the NYT Edi-
torial had their sentiment polarity inappropriately
labeled, as shown in table 3.

Since the ground truth for NYT editorials contains
a noteworthy amount of inaccuracies, the accu-
racy report of VADER by Hutto and Gilbert (2014)
in their research article may be incorrect. An error
analysis on VADER’s performance on NYT edito-
rials is therefore performed again on the same 10
sentences, as shown in table 4.
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Table 3. A 10-sentenced example of error spotting in sentences from the ground truth on NYT editorials with sen-
timent scores rated by 20 human raters. Ratings have been processed to range from -1 (extremely negative) to 1
(extremely positive). Correct ratings are highlighted in green, incorrect ones in red.

Table 4. A 10-sentenced example of error spotting in sentences from a dataset of NYT editorials with sentiment
(polarity and subjectivity) scores rated by VADER. Ratings have been processed to range from–1 (extremely negative)
to 1 (extremely positive). Correct ratings are highlighted in green, incorrect ones in red

Table 4 shows that VADER labeled the polarity of
two out of the ten example sentences correctly,

demonstrating a much lower accuracy than that of
the ground truth. This remains true throughout all
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of the snippets in the NYT Editorials dataset.

Through the error analysis performed on a dataset
of snippets in NYT Editorials, it can be observed
that the VADER lexicon itself has four main short-
comings:

1. Lack of vocabulary: The VADER lexicon has
a relatively extensive vocabulary, yet there are
words that are not labelled with sentiment in
the lexicon––usually ones that are uncom-
monly used or formal, since the lexicon is de-
signed to analyze short, casual social media
texts containing mostly vernacular language.
Therefore, quite frequently, VADER fails to la-
bel the sentiment of a certain word, “abomi-
nation,” for example, that doesn’t exist in the
lexicon.

2. General lack of context: Phrases that are re-
lated to historical or cultural contexts, such
as “The Statue of Liberty,” “concentration
camp,” or “Garden of Eden” aren’t detected,
as well as idioms such as “big headed,” even
though some of these phrases are often used
in an attempt to express a sentiment.

3. Lack of inter-textual context: VADER con-
siders each sentence individually without the
context of other sentences. Therefore, sen-
tences that refer to each other, such as “The
Democrats are optimistic. Other parties,
however, feel the opposite way,” are always
given an incorrect score.

4. Lack of understanding of rhetorical de-
vices: VADER’s lack of inter-textual context
leads to its inability to detect rhetorical de-
vices. The detection of rhetorical devices
is heavily dependent on the style of a text
(e.g. humorous irony is expected to be seen
in a text with a consistently humorous tone),
which cannot be extracted without a compre-
hensive analysis of the whole text. Without
inter-textual context, one cannot tell whether
a sentence like, “Well that’s just great” is sar-
casm –– it refers back to the last sentence.

The drawbacks of the VADER system listed above
were unavoidable in a strictly rule-based system as
it is incredibly difficult to manually design heuris-
tics that encompass all of the subtleties involved

in human languages. It is therefore proposed to
implement a probabilistic ML model to assist the
tool, as its flexibility could potentially amend for
flaws in the VADER system.

4 Results

4.1 Hybrid Model

Along with VADER, a multinomial Naive Bayes
Classifier (see Section 2.2.3) was used in this paper
to analyze five snippets that were taken from each
of the 45 political news articles. The comparison
of their outputs is shown in Table 5.

The polarity output from the Naive Bayes (NB)
model was separated into two scores for posi-
tive and negative sentiments. These two scores
were combined, allowing the positive and nega-
tive scores to negate each other (e.g. if positive
score is 0.6 and negative score is 0.4, the sentence
would be positive with an intensity of 0.2), for a
compound score of the overall sentiment polarity
in the sentence.

The outputs of the news dataset showed that the
VADER model classifies polarity at a relatively
high accuracy rate – much higher than the Naive
Bayes classifier. The accuracy improved signif-
icantly compared to its analysis on NYT Edito-
rials since news articles traditionally do not use
as many rhetoric devices that may be difficult for
VADER to detect.

A notable result is that in almost every article
snippet, the Naive Bayes classifier is generally
more proficient at scoring the subjectivity inten-
sity of the text in the cases where sentiment inten-
sity isn’t neutral. An example of this can be seen
in the snippet analyzed in Table 5.

Therefore, to optimize the performance of both
models, the polarity classification function of the
VADER lexicon – the superior function – is com-
bined with the subjectivity intensity detection of
the Naive Bayes classifier.

5 Discussions

Throughmanual analysis of the novelmodel’s per-
formance on the news articles dataset (see Section
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Table 5. An example of an article snippet. Five sentences chosen from the article being analyzed by the model.
“Hong Kong Protests, One Year Later” from NYT (Ramzy et al., 2020). Ratings range from –1 (extremely negative) to
1 (extremely positive). Ground Truth is manually generated by myself.

3), it was concluded that the novel hybrid model is
relatively more successful in quantifying bias and
sentiment in news articles than each of the indi-
vidual models tested.

VADER’s performance was accurate in its polarity
mostly because it is a lexicon with non-objective
words labelled with their specific polarity. On
the other hand, the potential reason for the suc-
cess of the Naive Bayes model in predicting non-
neutral sentiment intensity is that a pattern usu-
ally exists in the sentiment intensity of a sentence:
while sentiment polarity can easily be negated or
flipped, the intensity for the sentiment often hap-
pens to be consistent throughout the text.

The Naive Bayes model’s performance could have
been improved significantly if the training data
belonged to the same domain as its testing data;
having been trained on a dataset of movie reviews,
due to the lack of availability of labeled news arti-
cle datasets, the model’s function would have po-
tentially been compromised. The ability to con-

sider intertextual context could have been a signif-
icant limitation, since movie reviews are at most
a few sentences long and the correlation between
each sentence did not hold as prominent an im-
pact in terms of understanding the sentiment of
the sentence.

Further work on sentiment analysis would include
parsing techniques to improve inter-textual con-
text. Parses would connect the subject of the sen-
tences, therefore connecting sentences that re-
fer to the same subject using determiners such as
“this”. Furthermore, as different arguments and
perspectives can be expressed in the same sen-
tence, argument recognition can be used to detect
different arguments and achieve a more nuanced
analysis.
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Within�Dreas�of�Nnowledge,�how�can�we�differentiate�between�Fhange�
and�SSrogress?

Candace�Yan�Yue�Chung� Ꞗ姒橭

The different areas of knowledge are never stag-
nant; there is always new knowledge to be dis-
covered in every waking moment. However,
whether the new knowledge gained is “change”
or “progress” has always been a topic of dispute.
This essay’s title suggests that in different ar-
eas of knowledge, change and progress are distin-
guishable. At firs glance, the difference between
“change” and “progress” seems obvious: change
is a difference that can be realized immediately,
while progress is a positive difference that, in ret-
rospect, pushes you closer to the goal of the area
of knowledge. But, is this always the case? Firstly,
I will discuss how progress and change in both
Natural Science and the Arts align with the estab-
lished definition above. Then, I will argue that,
ultimately, all change is a type of progress in the
Natural Sciences, while all progress is a type of
change in the Arts.

In the Natural Sciences, progress is a positive dif-
ference that, when viewed in retrospect, refine
our understanding of the natural world, whereas
change is just a difference that can be identifie
immediately. Initially, Fermi’s revolutionary pa-
per on weak interactions - which explained beta
radiation, a phenomenon that has remained elu-
sive to scientists for years - was rejected by 1DWXUH
in 1933 for being “too removed from reality”. The
significan e of Fermi’s paper was only recognized
by the scientifi community in 1938, earning Fermi
the Nobel Prize (Macdonald). Since Fermi’s paper
not only refine our understanding of beta radia-
tion but also was only recognized in retrospect, his
paper satisfie this essay’s definitio of scientifi
progress.

Notably, the rejection of incorrect theories in the
Natural Sciences also counts as progress as they

refin our understanding of the natural world. Sci-
entifi knowledge is acquired through inductive
reasoning (making generalizations based on ob-
servational evidence), implying the validity of sci-
entifi theories is never certain, since there is al-
ways the possibility of contradictory new evidence
appearing (Bradford). As such, scientifi theories
are more likely to be proven false than true. In
1811, Meckel postulated that human fetuses have
“gill slits” because humans develop in stages cor-
responding to other “less perfect” species such as
fis and reptiles (Vickers). However, Meckel’s the-
ory was rejected after it was discovered that hu-
man fetuses have slits on their necks because of
the genetic similarity between fis and humans
instead (Vickers). Since this rejection reduces
the number of viable explanations for why fetuses
have slits on their necks, it indirectly refine our
understanding of fetal development, thereby con-
stituting progress.

In addition, progress spurred by science aims to
produce something of utility. In 1939, Von Halban
discovered that Uranium emitted approximately
3.5 (later corrected to 2.6) neutrons per emis-
sion, confirmin the possibility of creating nuclear
chain reactions (Von Halban HW DO.). The results of
Von Halban’s experiments sparked the creation of
technologies such as atomic bombs (weapons of
mass destruction) and nuclear reactors (efficien
clean energy generators), both of which are con-
sidered “useful” to modern society. Thus, as it
sparks the production of useful innovations, Von
Halban’s paper constitutes progress spurred by
science.

Although examples of progress are easily iden-
tifiabl in Natural Science, it is challenging to
conceive what may constitute change since any
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FKDQJH WKDW GRHVQȢW UHˋQH RXU XQGHUVWDQGLQJ RI
WKH QDWXUDO ZRUOG RU SURGXFH DQ\WKLQJ RI XWLOLW\
ZLOO EH GLVFDUGHG� ,I DOO FKDQJH LQ 1DWXUDO 6FLHQFH
ZDV UHSUHVHQWHG RQ D QXPEHU OLQH� WKHUH DUH WKUHH
SRVVLEOH FDVHV�

�� 1HJDWLYH FKDQJH �FKDQJH WKDW GRHVQȢW UHˋQH
RXU XQGHUVWDQGLQJ RI WKH QDWXUDO ZRUOG RU
SURGXFH VRPHWKLQJ RI XWLOLW\�

�� 1R FKDQJH

�� 3RVLWLYH FKDQJH �FKDQJH WKDW UHˋQHV RXU XQ�
GHUVWDQGLQJ RI WKH QDWXUDO ZRUOG RU SURGXFHV
VRPHWKLQJ RI XWLOLW\�

6LQFH WKH VFLHQWLˋF FRPPXQLW\ GRHV QRW YDOXH QHJ�
DWLYH FKDQJH� QHJDWLYH FKDQJH LV LJQRUHG� ,Q �����
6HUDOLQLȢV VWXG\ WKDW OLQNV *02 FRUQ WR WKH GHYHO�
RSPHQW RI WXPRXUV LQ UDWV ZDV SXEOLVKHG LQ )RRG
DQG &KHPLFDO 7R[LFRORJ\ �6«UDOLQL HW DO��� +RZHYHU�
6HUDOLQLȢV VWXG\ ZDV GHWHUPLQHG WR EH LQFRQFOXVLYH
VLQFH WKH VDPSOH VL]HZDV WRR VPDOO DQG WKH VSHFLHV
RI UDWV XVHG ZHUH JHQHWLFDOO\ SUHGLVSRVHG WR GH�
YHORSLQJ WXPRXUV �6«UDOLQL HW DO��� $IWHU 6HUDOLQLȢV
VWXG\ZDV SURYHQ WR EH LQYDOLG� WKH )RRG DQG&KHP�
LFDO 7R[LFRORJ\ȢV HGLWRULDO ERDUG GHHPHG WKH SDSHU
LUUHOHYDQW� UHWUDFWLQJ WKH SDSHU LQ ���� �6«UDOLQL HW
DO��� 7KXV� DV 6HUDOLQLȢV VWXG\ UHVXOWHG LQ QR DFWXDO
FKDQJH ZLWKLQ 1DWXUDO 6FLHQFH� LW LV GLVFDUGHG�

0RUHRYHU� LW FDQ EH DUJXHG WKDW HYHQ WKH VPDOO�
HVW SRVLWLYH FKDQJH LV SURJUHVV� 1DWXUH� D SUHVWL�
JLRXV VFLHQWLˋF MRXUQDO� FRQVWDQWO\ SXEOLVKHV QHZ
VWXGLHV WKDW UHˋQH RXU XQGHUVWDQGLQJ DQG VSDUN
PRUH DSSOLFDWLRQV RI &5,635�&DV�� VXFK DV KRZ
0D HW DO�ȢV0L&DV� LQFUHDVHV ODUJH VL]H JHQH NQRFN�
LQ UDWHV DQG UHGXFHV XQGHVLUDEOH RQ�WDUJHW DQG
RII�WDUJHW LQGHO HGLWV �0D HW DO��� 6LQFH WKHVH SD�
SHUV ZLOO RQO\ KDYH D VPDOO UHDFK ZLWKLQ WKH VFL�
HQWLˋF FRPPXQLW\� WKH\ PD\ RQO\ EH FRQVLGHUHG
DV VPDOO SRVLWLYH FKDQJHV� +RZHYHU� 1DWXUHȢV HG�
LWRULDO ERDUG VWLOO UHFRJQL]HV WKHLU SRWHQWLDO ZRUWK
LQ SURJUHVVLQJ WKH VFLHQWLˋF FRPPXQLW\ȢV XQGHU�
VWDQGLQJ DQG DSSOLFDWLRQV RI &5,635�&DV�� 7KHUH�
IRUH� HYHQ WKH VPDOOHVW SRVLWLYH FKDQJH LQ WKH 1DW�
XUDO 6FLHQFHV LV DUJXDEO\ WKH VDPH DV SURJUHVV�

,Q WKH $UWV� SURJUHVV LV D SRVLWLYH GLIIHUHQFH WKDW�
ZKHQ YLHZHG LQ UHWURVSHFW� DOORZV DUWLVWV WR EHW�

WHU FRQYH\ WKH KXPDQ H[SHULHQFH� 2QH ZD\
SURJUHVV PD\ EH DFKLHYHG LQ WKH $UWV LV WKH FUH�
DWLRQ RI QHZ LGHDV WR H[SUHVV WKH KXPDQ H[SHUL�
HQFH� 'XFKDPSȢV )RXQWDLQ LV D UHYROXWLRQDU\ DUW�
ZRUN ZKHUH 'XFKDPS VLJQHG Ȥ5� 0XWW� ����ȥ RQ D
XULQDO DQG VXEPLWWHG LW WR WKH 6RFLHW\ RI ,QGHSHQ�
GHQW $UWLVWVȢ VDORQ �0DQQ�� ,QLWLDOO\� 'XFKDPSȢV
)RXQWDLQ ZDV UHMHFWHG E\ WKH 6RFLHW\ȢV ERDUG DV LW
ZDV QRW FRQVLGHUHG D ZRUN RI DUW �0DQQ�� +RZHYHU�
'XFKDPSȢV )RXQWDLQ LV QRZ FRQVLGHUHG ȤJURXQG�
EUHDNLQJȥ DV KH IXQGDPHQWDOO\ TXHVWLRQV WKH GHˋ�
QLWLRQ RI $UW� VXJJHVWLQJ WKDW WKH DUWLVWLF PHVVDJH
WDNHV SUHFHGHQFH RYHU WKH DUWZRUN LWVHOI �0DQQ��
,Q UHWURVSHFW� LW LV FOHDU WKDW 'XFKDPS SLRQHHUHG
WKH DUWLVWLF H[SUHVVLRQ RI D QHZ SDUW RI WKH KX�
PDQ H[SHULHQFHȠ UHVKDSLQJ RXU XQGHUVWDQGLQJ RI
ZKDW FRQVWLWXWHV Ȥ$UWȥ�

$UWLVWLF SURJUHVV PD\ DOVR EH DFKLHYHG WKURXJK
GHYHORSLQJ QHZ WHFKQLTXHV DQG PHGLD WR H[SUHVV
WKH KXPDQ H[SHULHQFH� 'XULQJ WKH 5HQDLVVDQFH�
QXPHURXV DUWLVWLF WHFKQLTXHV WKDW KHOS PDNH DUW�
ZRUN DSSHDU UHDOLVWLF ZHUH GHYHORSHG� VXFK DV IRUH�
VKRUWHQLQJ� VIXPDWR� DQG FKLDURVFXUR �Ȥ5HQDLV�
VDQFH 3DLQWLQJ _ %RXQGOHVV $UW +LVWRU\ȥ�� 6LQFH
WKHVH WHFKQLTXHV DOORZ DUWLVWV WR PRUH UHDOLVWL�
FDOO\ H[SUHVV WKHLU H[SHULHQFHV� WKH GHYHORSPHQW
RI DUWLVWLF WHFKQLTXHV TXDOLˋHV DV SURJUHVV� $UWLV�
WLF SURJUHVV RIWHQ RFFXUV LQ WDQGHP ZLWK WHFKQR�
ORJLFDO GHYHORSPHQW� DQ H[DPSOH RI WKLV LV WKH GH�
YHORSPHQW RI WKH DUWLVWLF PHGLXP RI ˋOP� )ROORZ�
LQJ WKH LQYHQWLRQ RI WKH ˋUVW PRWLRQ SLFWXUH FDP�
HUD� WKH ˋUVW QDUUDWLYH ˋOP ZDV (GLVRQȢV 7KH *UHDW
7UDLQ5REEHU\ �5RVHQEHUJ�� D ���PLQXWH VLOHQW ˋOP
WHOOLQJ WKH VWRU\ RI IRXU EDQGLWV ZKR UREEHG D WUDLQ
DQG ZHUH VXEVHTXHQWO\ NLOOHG GXULQJ D VKRRWRXW
�5RVHQEHUJ�� ,Q UHWURVSHFW� WKH FUHDWLRQ RI (GL�
VRQȢV ˋOP MXPS�VWDUWHG WKH ˋOP LQGXVWU\ �5RVHQ�
EHUJ�� SURYLGLQJ DUWLVWV ZLWK D QHZ PHWKRG WR H[�
SUHVV WKH KXPDQ H[SHULHQFH� VXFK DV WKH FULPH DQG
GHDWK SRUWUD\HG LQ KLV ˋOP�

+RZHYHU� VLQFH KXPDQ H[SHULHQFH LV UHODWLYH WR
WKH DXGLHQFH� ZKDW WHFKQLTXHV RU LGHDV EHWWHU
FRQYH\ WKH KXPDQ H[SHULHQFH LQ WKH $UWV YDULHV
ZLWK WKH DXGLHQFHȢV JHRJUDSKLFDO ORFDWLRQ� FXO�
WXUDO EDFNJURXQG� DQG WLPH SHULRG� 5HOHDVHG LQ
����� $ODQ :DONHUȢV $ORQH LV D SRS VRQJ WKDW
H[SORUHV WKHPHV RI ORQHOLQHVV �$QGUHZ�� &RP�
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SRVHG LQ ����� 7FKDLNRYVN\ȢV ���� 2YHUWXUH LV D
SLHFH WKDW FRPPHPRUDWHV 5XVVLDȢV YLFWRU\ DJDLQVW
1DSROHRQȢV LQYDVLRQ �)HOVHQIHOG ���� 'HVSLWH WKH
GLIIHUHQFHV LQ WKHLU PHVVDJHV DQG PXVLFDO WHFK�
QLTXHV� ZKLFK SLHFH LV ȤEHWWHUȥ DW FRQYH\LQJ WKH
KXPDQ H[SHULHQFH GLIIHUV EDVHG RQ WKH DXGLHQFHȢV
EDFNJURXQG� 7R WKH 5XVVLDQ DXGLHQFH LQ �����
7FKDLNRYVN\ȢV ���� 2YHUWXUHPD\ EH ȤEHWWHUȥ VLQFH
QRW RQO\ GR WKH FODVVLFDO WHFKQLTXHV VXFK DV FRXQ�
WHUSRLQW DQG XVDJH RI PRWLIV DOLJQ ZLWK WKHLU PX�
VLFDO WDVWH ����� EXW WKH WULXPSK RI ZLQQLQJ D ZDU
LV DOVR D IHHOLQJ WKH\ FDQ UHODWH WR� &RQWUDULO\�
DV WHVWLˋHG E\ WKH PRUH WKDQ ��� ELOOLRQ YLHZV
RQ <RXWXEH �:DONHU�� $ODQ :DONHUȢV $ORQH DSSHDOV
PRUH WR WKH PRGHUQ DXGLHQFH VLQFH QRW RQO\ LV WKH
9,�,9�,�9 FKRUG SURJUHVVLRQ VLPSOH DQG FDWFK\�
DOLJQLQJ ZLWK WKHLU PXVLFDO WDVWH� EXW ORQHOLQHVV LV
DOVR D FRPPRQ H[SHULHQFH WKDW UHVRQDWHV ZLWK D
\RXQJHU DXGLHQFH FDQ UHVRQDWH ZLWK �&LJPD�� ,Q
HVVHQFH� QHLWKHU WKH DUWLVWLF WHFKQLTXHV XVHG QRU
WKH DVSHFWV RI KXPDQ H[SHULHQFH FRQYH\HG GHWHU�
PLQH ZKLFK SLHFH LV EHWWHU� EXW UDWKHU WKH DELOLW\
RI WKH SLHFH WR UHVRQDWH ZLWK WKH DXGLHQFH� 7KXV�
GXH WR WKH UHODWLYLVWLF QDWXUH RI WKH KXPDQ H[SHUL�
HQFH� LWȢV LPSRVVLEOH WR MXGJH ZKLFK VRQJ LV EHWWHU
DW FRQYH\LQJ WKH KXPDQ H[SHULHQFH�

:KLOH LW LV XQGHQLDEOH WKDW NQRZOHGJH LQ 1DWXUDO
6FLHQFH DQG WKH $UWV KDV SURJUHVVHG� LW LV GLIˋ�
FXOW WR GLVWLQJXLVK EHWZHHQ FKDQJH DQG SURJUHVV
ZLWKLQ WKHVH DUHDV RI NQRZOHGJH� ,Q 1DWXUDO 6FL�
HQFHV� DOO FKDQJH LV D W\SH RI SURJUHVV� VLQFH DQ\
FKDQJH WKDW GRHVQȢW LPSURYH RXU XQGHUVWDQGLQJ
RI WKH QDWXUDO ZRUOG RU UHVXOW LQ WKH SURGXFWLRQ
RI VRPHWKLQJ XVHIXO LV GLVFDUGHG� LQ WKH $UWV� DOO
SURJUHVV LV D W\SH RI FKDQJH EHFDXVH ZKDW ȤEHW�
WHUȥ FRQYH\V WKHKXPDQH[SHULHQFH GHSHQGV RQ WKH
DXGLHQFHȢV JHRJUDSKLFDO ORFDWLRQ� FXOWXUDO EDFN�
JURXQG� DQG WLPH SHULRG� 0DQNLQG GHYRWHV D ORW RI
UHVRXUFHV WR SXUVXH ȤSURJUHVVȥ LQ DUHDV RI NQRZO�
HGJH EHFDXVH SURJUHVV DOORZV XV WR DSSO\ QHZ
NQRZOHGJH WR LPSURYH RXU OLYLQJ VWDQGDUGV� +RZ�
HYHU� IXUWKHU UHˌHFWLRQ RQ NQRZOHGJH GHYHORS�
PHQW LQ GLIIHUHQW DUHDV RI NQRZOHGJH UHYHDOV D IXQ�
GDPHQWDO TXHVWLRQ� VKRXOG DFKLHYLQJ ȤSURJUHVVȥ
EH WKH XOWLPDWH JRDO RI LQYHVWLQJ LQ GLIIHUHQW DU�
HDV RI NQRZOHGJH" 6KRXOG ZH DEDQGRQ WKH $UWV
EHFDXVH DOO DUWLVWLF SURJUHVV LV PHUHO\ D W\SH RI

FKDQJH" 6KRXOG ZH LJQRUH IXQGLQJ EUDQFKHV RI
1DWXUDO 6FLHQFHV MXVW EHFDXVH WKH\ GRQȢW UHVXOW LQ
DQ\ GLUHFW DSSOLFDWLRQ" $QVZHULQJ WKHVH TXHVWLRQV
PD\ EH WKH NH\ WRPLQLPL]LQJ WKH RSSRUWXQLW\ FRVW
RI WKH UHVRXUFHV ZH LQYHVW LQ WKH GLIIHUHQW DUHDV RI
NQRZOHGJH�
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Smallpox�and�its�associated�political�implications�in�Qing�Gynasty�China

William�Tristan�Lee�III� 匃姒갗

Introduction

The earliest documented record of smallpox ap-
peared in China in the 4th century CE (Common
Era). As a disease, smallpox was so deadly and
persistent that it was only finall eradicated in
China as recently as the early 1960s (Hui and Yutu
913). Smallpox affected both young and old with
symptoms of varying severity. These symptoms
included fever, body aches, vomiting and rashes
accompanied by pus and scabs. Although a com-
mon characteristic among those who recovered
from smallpox was an immunity against reinfec-
tion (Taub HW DO., 2008), Qing dynasty China lived
under the constant risk of smallpox outbreaks
among large populations in Manchuria, the capi-
tal Peking, and most significantl within the impe-
rial family. This resulted in serious public health
issues, but also had strong political implications
(Chang, “Disease and Its Impact on Politics, Diplo-
macy, and the Military: The Case of Smallpox and
the Manchus (1613-1795)” 189). This paper aims
to explore the smallpox epidemic during the Qing
dynasty by understanding the role it played in
various political intrigues, examining the Manchu
regime’s implementation of an early quarantine
system known as the ELGRXVXR (րꉍ浇䨿ց) , and
its gradual adoption of Chinese inoculation prac-
tices. It also considers how China’s early attempts
to contain and manage smallpox’s spread through
inoculation was perceived by the West.

1 Manchu rule and susceptibility
to Smallpox

The Qing dynasty was established by northern
Manchu invaders from beyond the Great Wall and
was the last Chinese imperial dynasty, reigning
from 1644 to 1911. Manchuria was geographically
segregated from the rest of China and its natural

landscape, sparse population and nomadic culture
allowed Manchus to live a considerable distance
from each other. Harsh long winters also made
the smallpox virus less prevalent. These condi-
tions meant that Manchus had limited exposure to
smallpox compared to the Chinese from the more
densely populated south. However, this initial ad-
vantage also adversely affected the Manchu com-
munity because when smallpox eventually pene-
trated their communities, the same lack of expo-
sure that had protected the Manchu earlier, effec-
tively made them more susceptible to the smallpox
contagion. Later, when the Manchu rode south
to conquer China, many more found themselves
lacking immunological defenses and facing seri-
ous dangers of the disease (Disease and Its Im-
pact on Politics, Diplomacy, and the Military: The
Case of Smallpox andthe Manchus (1613-1795)
179).

With the constant threat of smallpox as a back-
drop, the Manchu regime’s primary focus after
the 1644 conquest of China was to maintain po-
litical supremacy. At the center of the regime’s
quest for political supremacy was the impor-
tance it placed on safeguarding the imperial fam-
ily against the ravages of the disease. An ex-
ample of this importance were the strict rules
enforced whenever smallpox outbreaks occurred.
This can be evidenced by the ELGRXVXR where im-
perial family members, who had not yet got-
ten the disease, went to be sequestered during
outbreaks. %LGRXVXR effectively served as Qing
dynasty quarantine centersand were specifi
cally used as places of safety and refuge for non-
infected members of the household. As retreat
to the ELGRXVXR became a regularly enforced prac-
tice for protection against smallpox in Manchu-
ruled China, an imperial family member’s frequent
withdrawals from court could potentially jeopar-
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dize his or her social and political status, further
inviting the possibility of political posturing, ma-
neuvering and intrigue from rivals within court.

Additionally, as smallpox outbreaks occurred and
recurred within the general Manchu population,
Manchu authorities, as a means to maintain a fir
grip on social and political order, began the com-
mon practice of summarily expelling citizens with
fever or scabies without verifying whether the ill-
ness was smallpox related. To help further contain
the spread of the disease, physically weaker small-
pox patients were required to move elsewhere to
stay outside of the more densely populated cap-
ital of Peking. In many cases, poor families who
could not afford to leave were forced to abandon
their sick children in the streets and some were
driven to intentionally kill their children to avoid
having to move. As a consequence, the Manchu
occupation of Peking also contributed to growing
political tensions outside of the Manchu court, as
the majority of Chinese inhabitants began feel-
ing alienated by the expulsion regulation and in-
creasingly resented the ethnic minority Manchu
rulers for that (Disease and Its Impact on Politics,
Diplomacy, and the Military: The Case of Small-
pox andthe Manchus (1613-1795)190).

Furthermore, at least a century prior to the
Manchu Conquest in 1644, the Chinese had al-
ready developed highly reliable methods of com-
bating smallpox, yet the Manchus were not neces-
sarily privy to the pre-existing medical knowledge
in the early decades of Qing dynasty rule. This
lack of medical knowledge, coupled by the politi-
cal uncertainty, fueled Manchu court intrigue and
political instability each time an imperial family
or court member became infected with smallpox
or came into contact with someone who was sick.
It may have also contributed to a sense of apathy
towards the Manchu government and increasing
unease among the ordinary people, who were left
abandoned or banished to live alone in fear and ig-
norance about the disease (Disease and Its Im-
pact on Politics, Diplomacy, and the Military: The
Case of Smallpox andthe Manchus (1613-1795)
184).

2 Smallpox and Qing Dynasty po-
litical intrigue

During the early Qing dynasty, smallpox was
thrust onto the political stage and played a vital
role within political affairs. During this time, it be-
came increasingly more common for the violation
of smallpox regulations (both real and contrived)
to be used as a pretext to assert political influen e
or dominance within the Manchu regime.

As early as 1639, Hong Taiji (Abahai), the founding
emperor of the Qing Dynasty, publicly announced
that the Manchu prince and military general Dodo
had committed a total of seven crimes, one of
which was directly related to smallpox. During
the conquest of China, Dodo had used segregation
in the ELGRXVXR as an excuse to avoid going into
battle and instead took this time to indulge in a
wide range of leisurely activities. While Dodo’s
six other crimes were eventually forgiven, the one
related to smallpox was not. As a result, Dodo
was demoted from his positions and was deprived
of his property, thus securing Abahai’s political
authority (Disease and Its Impact on Politics,
Diplomacy, and the Military: The Case of Small-
pox andthe Manchus (1613-1795)190).

Another example of early Qing Dynasty politi-
cal intrigue that had connections to smallpox in-
volved Abahai’s eldest son, Prince Haoge (1609ˊ
1648). After Abahai died in 1643, Haoge’s inten-
tion was to ascend the throne, however his goal
was obstructed by Dorgon, Dodo’s elder brother.
As Abahai’s ninth son, Fulin, who would later as-
cend the throne as the Shunzhi emperor was only
six years old at the time, Dorgon solidifie his
political influen e in Shunzhi’s court by assum-
ing the title of co-regent. Dorgon’s co-regency
was shared with Jierhalang, who as the younger
brother of Nurhaci, the founder of the Qing dy-
nasty, was a powerful political figur himself. In
a politically motivated move to promote his self-
image and assert political dominance, Dorgon had
accused Haoge of countless crimes” with those
involving smallpox viewed as the most offensive.
One of Haoge’s many alleged crimes was that
Haoge had attempted to undermine Dorgon’s bid
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for leadership, by invoking the fact that Dorgon
had never been infected by smallpox, and that this
susceptibility would adversely affect his longevity
as a leader. Since the charge was viewed as a sig-
nifican threat to Dorgon’s political power, Dor-
gon took the opportunity to gain any advantage
and was eventually able to impose serious fine
on Haoge, in addition to depriving him of his rank
and confiscatin much of his property (Disease
and Its Impact on Politics, Diplomacy, and the
Military: The Case of Smallpox and the Manchus
(1613-1795)191).

In 1648, soon after Haoge was effectively removed
from power and the Shunzhi emperor’s reign was
firml established, Dorgon’s and Jierhalang’s co-
regency began experiencing periods of political in-
trigue and upheaval, again, with smallpox being
the pretext. In an attempt to curry court favor
and assert Dorgon’s political dominance, Jierha-
lang was made to confess to the crime of mis-
handling the building of a ELGRXVXR on a Manchu
prince’s property, and as a result was stripped of
his title. Although this alleged offense was quite
serious, it could have also more than likely served
as a false justificatio for punishing Jierhalang for
his original allegiance to Haoge, which Dorgon
perceived as disloyal and potentially threatening
to his own political influen e (“[Time Frame and
Reasons of Kangxi Emperor Adopted Variolation]”
192).

Dorgon’s political maneuverings, particularly
from 1644-1650, helped propel him to dominance
in the early Qing dynasty. However, for all of Dor-
gon’s efforts, nearly all of his contributions to the
Manchu empire were completely discredited after
his death in 1650 and his fall from political favor
could be tied back to smallpox and Jierhalang,
whose demise Dorgon had helped orchestrate.
This time, Jierhalang was able to exact his revenge
by convincing Emperor Shunzhi that Dorgon had
misappropriated funds to build a ELGRXVXR for
him in Nanyuan and in doing so had also reduced
the number of imperial bodyguards there. By
doing this, Dorgon was accused of having both
overstepped imperial directives and compromised
the emperor’s safety. Although prior to his death,
while Dorgon was still held in high political

esteem, building the ELGRXVXR had been viewed
as a gesture to honor and protect the emperor,
after Dorgon’s death these good intentions were
viewed suspiciously as an act of sabotage rather
than devotion to the Shunzhi emperor. Therefore,
upon Dorgon’s death, instead of being celebrated
as a faithful servant, he was not only accused
of exceeding his authority by sanctioning the
Nanyuan ELGRXVXR, but also exposed as harboring
evil intentions to harm the emperor when they
traveled away from the city to isolate (“Disease
and Its Impact on Politics, Diplomacy, and the
Military: The Case of Smallpox and the Manchus
(1613-1795)” 192).

Political intrigues connected to smallpox contin-
ued occurring within the Manchu court towards
the end of the 18th century. Shortly after Emperor
Qianlong’s death in 1799, Heshen, the highest-
ranking court official was issued a death sentence
and accused of 20 crimes, at least one of which
was for an offense related to smallpox. The of-
fense alleged that Heshen had altered the new
emperor Jiaqing’s imperial order of allowing high
ranking Mongolian official who had not yet had
smallpox not to attend Emperor Qianlong’s fu-
neral. Instead, as the allegation went, Heshen
ordered all high-ranking official to come, re-
gardless of whether they had previously been in-
fected by the disease, thereby potentially compro-
mising the new emperor’s health and destabiliz-
ing the new imperial regime. While Jiaqing may
have just seized an opportunity to eliminate one
of the last vestiges of the Qianlong reign, Hes-
hen was charged with ignoring diplomatic policy
and intending to harm the country. As a conse-
quence, Heshen’s powers were removed, and his
property was taken over by the emperor (Disease
and Its Impact on Politics, Diplomacy, and the
Military: The Case of Smallpox andthe Manchus
(1613-1795)192).

3 Self-protective measures and
growing acceptance of Inocula-
tion

By the early Qing dynasty, concerns about small-
pox and its deadly outcomes had already affected
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thousands of people in Manchuria and Peking,
which helped pave the way for conditions that
would eventually support a growing willingness
to adopt inoculation practices. In fact, small-
pox was the firs pandemic where people applied
the inoculation practice as a mechanism to com-
bat disease by intentionally exposing themselves
(National Museum of American History). Sinol-
ogist Joseph Needham argued that the firs evi-
dence of inoculation for smallpox being practiced
in China dated back to the 10th century (Needham
and Sivin 154). However, more credible sources
indicate that smallpox inoculation was not as sci-
entificall well-developed until hundreds of years
later until the early 16th century (Chang, “[Time
Frame and Reasons of Kangxi Emperor Adopted
Variolation]” 30-32). This inoculation process re-
quired healthy people to inhale powder made from
crusted smallpox scabs or by inserting pus from
a smallpox pustule into a fles wound or scratch
made by a sharp instrument (See Fig 1). This
method led to people to develop mild symptoms
of the infection, even though some could develop
much more severe symptoms and even occasion-
ally, result in fatal cases. However, those who did
recover were usually immune to any subsequent
smallpox exposure (Science Museum). Of those
who had been inoculated, the mortality rate was
around 1% to 2%, which was far better than the
rate of unchecked, naturally occurring smallpox,
which was 20%-30% (Needham and Sivin 149).

By the end of the 17th century, Manchu rulers’
acute fears about smallpox and their interest in
self-protection had, supported a gradual accep-
tance of inoculation. A major turning point came
in 1661 and the years immediately following a se-
ries of historically significan events. The firs
was Emperor Shunzhi’s death from smallpox at
the age of 22, despite his best efforts to avoid it.
The second event came when Shunzhi’s successor
and second eldest son, Emperor Kangxi, was cho-
sen to ascend the throne largely due to the fact
Kangxi had already survived childhood smallpox,
making him immune to the disease for life. The
last event came as Emperor Kangxi began man-
dating and publicly endorsing compulsory small-
pox inoculation for his family and all those resid-

Fig. 1. Illustration of Incolucation Prac-
tice in the Qing Dynasty. Koon, Wee Kek.
Powdered Pus up the Nose and Other Chi-
nese Precursors to Vaccinations, SCMP,
6 Apr. 2020, www.scmp.com/magazines/
post-magazine/short-reads/article/3078436/
powdered-pus-nose-and-other-chinese-precursors.

ing within the Imperial Palace. Although there
was certainly some immediate risk of acute infec-
tion, the potential advantage of lifelong protec-
tion against smallpox was an attractive prospect
(Needham and Sivin 149).

It was also during this time when Kangxi’s in-
terest in inoculation coupled with the Manchus’
and Mongols’ intense fear of smallpox intersected
to help create an alternative means of maintain-
ing the smooth and uninterrupted conduct of offi
cial court business. Normally, court decree man-
dated that visiting official were to be received at
court. However, this meant that Manchu and Mon-
gol officials who were mostly situated in China’s
far north, were required to travel a considerable
distance to the capital. This greatly heightened
the risk of contracting smallpox for the visiting
dignitary, his entourage, and the imperial court.
To safeguard against a smallpox outbreak within
court, while also promoting the ease of conducting
diplomatic affairs between the regions, Emperor
Kangxi continued to receive VKRXVKHQր斀麄ցlead-
ers (those who had already had smallpox) at court,
but hosted VKHQJVKHQր气麄ց(those who had not
yet had smallpox) at facilities he had built close to
the northern border of the Great Wall, which in-
cluded a large hunting park, Mulan Weichangր勏㏙㖪ցand a summer villa. This alternative al-
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lowed court visitors to bypass the capital entirely
and significantl reduced all parties’ chances for
smallpox exposure. It also provided the Manchus
the unencumbered means to carry out a myriad
of political affairs within court without the im-
minent threat of a smallpox outbreak, further se-
curing the Manchu minority’s political stronghold
(Chang, “[Time Frame and Reasons of Kangxi Em-
peror Adopted Variolation]” 30-32).

Although inoculation had already been widely
practiced and promoted in China since well over
a hundred years earlier, English physician and sci-
entist, Edward Jenner was ultimately credited for
developing a less dangerous form of immunization
against smallpox in 1796, the vaccination. China’s
inoculation practice and the Jennerian vaccination
were similarly effective, the main difference being
that Chinese inoculation involved using the pus or
the scabs from smallpox patients, while Jenner’s
vaccination used matter from the milder cowpox
virus (Housman). Although the Chinese inocula-
tion technique of inhaling powder made from the
crusts of smallpox scabs had reached England in
the 1700s, Jenner’s method eventually became the
globally accepted practice (Boylston 309-313).

4 Western misconceptions of
Smallpox in China

Qing dynasty leaders undertook significan efforts
to cope with smallpox, and at times, also used
smallpox as a means for political leverage. Also
noteworthy during this period were some of the
West’s diverging philosophical views about China,
some of which were rooted in the West’s miscon-
ceptions about China’s inoculation methods dur-
ing a time when much of the world was still strug-
gling to understand smallpox.

An example of this diverging view was evidenced
through Pierre Martial Cibot (1727-1780), a well-
known Jesuit missionary, who lived at court in
Qing dynasty China from 1760-1780. By the time
Cibot left France for Peking in 1758, inoculation
had already become the subject of heated debate
between the French church and Enlightenment
thinkers. This debate centered on how inoculation

involved deliberately infecting people with the
disease to stimulate an immune response. There
were those who believed the method to be uneth-
ical because inoculation could sometimes cause
death, while others were quick to refute this po-
sition and argued for inoculation as an acceptable
means to protect against the smallpox spread. Ci-
bot argued that the continued presence of small-
pox in China alone proved that inoculation had
failed, and that China was indeed the land of dis-
ease and not cure. He also went as far to refer to
Chinese method of inoculation aspathetic stu-
pidityandlunacy and inconsistency(Heinrich).

While some of the methods used to manage small-
pox, particularly during the early Qing dynasty
were not necessarily viewed as compassionate or
even humane, they were in fact, more varied,
uniformly applied and tested than anywhere in
the western world. Furthermore, although the
Manchus during the early Qing dynasty may not
have been as familiar with specifi smallpox in-
oculation methods used by their Chinese counter-
parts, as early as 1622, more than two decades be-
fore the Qing Dynasty began in 1644, Manchus had
already implemented tracing systems to report
anyone exhibiting smallpox symptoms. Safety
guidelines were also established to prevent the
spread of smallpox when offers of tribute were
brought from visiting dignitaries and when ar-
ranging audiences with the emperor (Heinrich).
Therefore, the popular western notion perpetu-
ated by Cibot was at best incomplete, as it did
not fully appreciate early Qing dynasty inocu-
lation practices or its effectiveness, nor did it
make reference to the Manchus systematic tracing
method which helped contain the spread of small-
pox within their communities.

Cibot’s accounts, which by the 19th century had
been widely circulated in Europe, helped con-
tribute to growing views in the West of China as
theSick Man of Asia.This term was used both
literally to describe poor health, but also figura
tively to suggest poor governance. Although Cibot
was considered a westernauthorityon China at
the time, the term fed into an increasingly frag-
mented narrative, which led many Europeans and
Americans into believing that China was thecra-
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OHQW ZLWK WKH SHRSOH RI (XURSH� DV DPRQJ WKRVH RI
WKH &HQWUH .LQJGRPȥ �+HLQULFK��

&RQFOXVLRQ

$OWKRXJK HUDGLFDWHG VLQFH WKH HDUO\ ����V� VPDOO�
SR[ LV VWLOO UHFRJQL]HG DV RQH RI WKH GHDGOLHVW GLV�
HDVHV LQ JOREDO KLVWRU\� ,Q 4LQJ G\QDVW\ &KLQD�
VPDOOSR[ SRVHG D VLJQLˋFDQW� LI QRW GHDGO\� WKUHDW
WR WKH 0DQFKXV� ZKLFK PDGH LW D FRQYHQLHQW SUH�
WH[W IRU VSDUNLQJ SROLWLFDO LQWULJXHV DQG RQJRLQJ
FRQWHQWLRXVQHVV DW FRXUW LQYROYLQJ HPSHURUV� KLJK
OHYHO PLOLWDU\ RIˋFLDOV DQG GLJQLWDULHV ERWK FHQ�
WUDOO\ DQG SHULSKHUDOO\� ,Q WLPH� 4LQJ G\QDVW\ HP�
SHURUV LPSOHPHQWHG VWULFW TXDUDQWLQH�OLNH PHD�
VXUHV VXFK DV WKH ELGRXVXR DQG DGRSWHG WKH &KL�
QHVH SUDFWLFH RI LQRFXODWLRQ� ZKLFK VXSSRUWHG LP�
SURYHG SXEOLF KHDOWK DFURVV WKH HPSLUH� :KLOH
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IHFWV DURXQG WKH ZRUOG�

:RUNV &LWHG
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����

&KDQJ� &KLD�)HQJ� Ȥ>7LPH )UDPH DQG 5HDVRQV RI
.DQJ[L (PSHURU $GRSWHG 9DULRODWLRQ@ȥ� =KRQJKXD <L
6KL =D =KL �%HLMLQJ� &KLQD � ����� �� ������� ��ȟ���

+HLQULFK� $UL /DULVVD� Ȥ%HIRUH FRURQDYLUXV� &KLQD
ZDV IDOVHO\ EODPHG IRU VSUHDGLQJ VPDOOSR[� 5DFLVP
SOD\HG D UROH WKHQ� WRR�ȥ 0D\ ����� KWWSV � � �
WKHFRQYHUVDWLRQ � FRP �EHIRUH � FRURQDYLUXV � FKLQD �
ZDV � IDOVHO\ � EODPHG � IRU � VSUHDGLQJ � VPDOOSR[ �
UDFLVP�SOD\HG�D�UROH�WKHQ�WRR�������"� $FFHVVHG
�� 1RYHPEHU� �����

+RXVPDQ� 7DO\D� Ȥ9DULRODWLRQ YV� 9DFFLQDWLRQ� ��WK
&HQWXU\ 'HYHORSPHQWV LQ 6PDOOSR[ ,QRFXODWLRQ _
%HHKLYHȥ� 0D\ ����� KWWSV � � � ZZZ �PDVVKLVW � RUJ �
EHHKLYHEORJ���������YDULRODWLRQ� YV� YDFFLQDWLRQ�
��WK � FHQWXU\ � GHYHORSPHQWV � LQ � VPDOOSR[ �
LQRFXODWLRQ�� $FFHVVHG �� 1RYHPEHU� �����

+XL� ;X DQG -LDQJ <XWX� Ȥ7KH HUDGLFDWLRQ RI VPDOOSR[ LQ
6KDQJKDL� &KLQD� 2FWREHU ����ˋ-XO\ ����ȥ� %XOOHWLQ
RI WKH :RUOG +HDOWK 2UJDQL]DWLRQ �� ������� ���ȟ����

1DWLRQDO 0XVHXP RI $PHULFDQ +LVWRU\� Ȥ+LVWRU\ RI
9DFFLQHVȥ� )HE� ����� KWWSV � � � DPKLVWRU\ � VL �
HGX � SROLR � YLUXVYDFFLQH � KLVWRU\ � KWP� $FFHVVHG ��
1RYHPEHU� �����

1HHGKDP� -RVHSK DQG 1DWKDQ 6LYLQ� Ȥ7KH 2ULJLQV RI
,PPXQRORJ\ȥ� &DPEULGJH 8QLYHUVLW\ 3UHVV� �����
6FLHQFH DQG &LYLOLVDWLRQ LQ &KLQD� 9ROXPH �� %LRORJ\
DQG %LRORJLFDO 7HFKQRORJ\� 3DUW 9,� 0HGLFLQH�

6FLHQFH 0XVHXP� Ȥ6PDOOSR[ DQG WKH VWRU\ RI YDFFLQD�
WLRQȥ� $SU� ����� KWWSV���ZZZ�VFLHQFHPXVHXP�RUJ�
XN�REMHFWV� DQG� VWRULHV�PHGLFLQH�VPDOOSR[� DQG�
VWRU\�YDFFLQDWLRQ� $FFHVVHG �� 1RYHPEHU� �����

7DXE� 'HQQLV '�� HW DO� Ȥ,PPXQLW\ IURP 6PDOOSR[ 9DF�
FLQH 3HUVLVWV IRU 'HFDGHV� $ /RQJLWXGLQDO 6WXG\ȥ�7KH
$PHULFDQ -RXUQDO RI 0HGLFLQH ��� �'HF� ������ ����ȟ
�����
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$�GDWD�GULYHQ�VWXG\�RQ�WKH�HIIHFWV�RI�FKDQJHV�LQ�ORFDO�VHD�VXUIDFH�
WHPSHUDWXUH�RQ�WKH�KHDOWK�RI�FRUDO�UHHIV�LQ�+RL�+D�:DQ��+RQJ�.RQJ

-XOLH�7DP� 餤䌘蔣

� ,QWURGXFWLRQ

��� %DFNJURXQG .QRZOHGJH

6FOHUDFWLQLD �SK\OXP &QLGDULD� DUH UHHI�EXLOGLQJ
FRUDOV IRXQG LQ WURSLFDO 	 VXEWURSLFDO RFHDQV�
FRPSRVHG RI VHGHQWDU\ SRO\SV� +HWHURWURSKLF
FRUDO SRO\SV� EHVLGHV EHLQJ ˋOWHU IHHGHUV� IRUP D
PXWXDOLVWLF HQGRV\PELRWLF UHODWLRQVKLS ZLWK SKR�
WRV\QWKHWLF GLQRˌDJHOODWHV ]RR[DQWKHOODH VXFK DV
6\PELRGLQLXPPLFURGULDWLFXP �9HUQRQ HW DO�� ������
=RR[DQWKHOODH DUH WKH SULPDU\ QXWULHQW VRXUFH�
VXSSRUWLQJ FRUDO VXUYLYDO LQ ROLJRWURSKLF VHDV�

,QFUHDVHG VHD WHPSHUDWXUHV LQGXFH VWUHVV LQ FRUDOV�
EOHDFKLQJ LV D VWUHVV UHVSRQVH WKDW UHVXOWV ZKHQ
WKH FRUDO�DOJDH UHODWLRQVKLS EUHDNV GRZQ� =RR[DQ�
WKHOODH DUH XQDEOH WR SURFHVV LQFRPLQJ OLJKW ZLWK�
RXW UHOHDVLQJ KDUPIXO R[\JHQ UDGLFDOV� VR ZLOO HL�
WKHU GHJHQHUDWH LQ WKH WLVVXH RU DUH UHOHDVHG IURP
WKH FRUDO SRO\SV �0DUVKDOO HW DO�� ������ 7KH ORVV
RI ]RR[DQWKHOODH PDNHV WKH FRUDO WLVVXH DSSHDU
XQSLJPHQWHG ZLWK WKH ZKLWH &D&2� VNHOHWRQ EH�
LQJ FOHDUO\ YLVLEOH� D SKHQRPHQRQ NQRZQ DV FRUDO
ȤEOHDFKLQJȥ� %OHDFKHG FRUDOV DUH VWLOO OLYLQJ DQG LI
VWUHVVIXO FRQGLWLRQV VXEVLGH� ]RR[DQWKHOODH FDQ UH�
SRSXODWH WKHLU WLVVXHV DQG WKH FRUDOV FDQ VXUYLYH
WKH EOHDFKLQJ HYHQW� 7KH LQDELOLW\ WR UHFRYHU IURP
WKH ORVV RI ]RR[DQWKHOODH OHDGV WR FRUDO PRUWDOLW\�

+RQJ .RQJ LV ORFDWHG RQ WKH VRXWKHDVW FRDVW RI
&KLQD� WR WKH HDVW RI WKH 3HDUO 5LYHU HVWXDU\ �VHH
)LJXUH ��� ERUGHUHG E\ WKH 6RXWK &KLQD 6HD� 7KH
VDOLQLW\ DQG WHPSHUDWXUH RI +RQJ .RQJ VHDZDWHU
DUH DIIHFWHG E\ PXOWLSOH IDFWRUV� +RQJ .RQJȢV VXE�
WURSLFDO FOLPDWH EULQJV KRW� UDLQ\ VXPPHUV ZLWK
PRQVRRQV� ZKLFK FRQWUDVW ZLWK FRRO� GU\ ZLQWHUV
�&RSH� ������

'XULQJ+RQJ .RQJȢV VXPPHUPRQVRRQ VHDVRQ� WKH
ZDUPHU +DLQDQ &XUUHQW ˌRZLQJ IURP WKH VRXWK LV

)LJ� �� 0DS VKRZLQJ WKH WZR RFHDQ FXUUHQWV DIIHFWLQJ
+RQJ .RQJȟ WKH +DLQDQ FXUUHQW DQG WKH .XURVKLR FXU�
UHQW �*RRGNLQ HW DO�� ������

WKH SUHGRPLQDQW RFHDQ FXUUHQW� :KHUHDV GXULQJ
WKH ZLQWHU PRQVRRQ� D FROG FXUUHQW ȟ WKH .XURVKLR
&XUUHQW DV ZHOO DV WKH 7DLZDQ FXUUHQW ˌRZLQJ IURP
WKH QRUWK ȟ LQˌXHQFH +RQJ .RQJȢV VHD WHPSHUD�
WXUH� 7KH ORZHVW VHD WHPSHUDWXUH GXULQJ ZLQWHU
LV DURXQG �� rC� ZKLOH WKH KLJKHVW VHD WHPSHUD�
WXUH FDQ UHDFK �� rC DQG KLJKHU� +RQJ .RQJ FRUDO
UHHIV DFFRPPRGDWH D ZLGHU VHD VXUIDFH WHPSHUD�
WXUH �667� UDQJH WKDQPRVW UHHIV LQ RWKHU ORFDWLRQV
�%UDGEHHU HW DO�� ������

+RL +D :DQ ZDV RQH RI WKH ˋUVW 0DULQH 3DUNV HV�
WDEOLVKHG LQ +RQJ .RQJ� IRXQGHG LQ ����� ,W LV D
VKHOWHUHG ED\ ORFDWHG QRUWK RI WKH 6DL .XQJ :HVW
&RXQWU\ 3DUN� �� RXW RI WKH �� VWRQ\ FRUDO VSHFLHV
UHFRUGHG LQ +RQJ .RQJ FDQ EH IRXQG KHUH�

��� 6LJQLˋFDQFH DQG ZRUWKLQHVV RI
LQYHVWLJDWLRQ

&RUDO UHHIV RQO\ PDNH XS OHVV WKDQ ���� RI WKH
ZRUOGȢV RFHDQV EXW SURYLGH KDELWDW WR RYHU D TXDU�
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WHU RI DOO PDULQH VSHFLHV �7KRUQKLOO� ������ 7KH
VFDUFLW\ RI FRUDOV LV GXH WR WKHLU VSHFLˋF KDELWDW UH�
TXLUHPHQWV� LQFOXGLQJ WHPSHUDWXUH� VDOLQLW\� QX�
WULHQW DYDLODELOLW\� WXUELGLW\� DQG OLJKW DYDLODELOLW\
�*XDQ HW DO�� ������

7KH FRPSOH[ VWUXFWXUHV RI KDUG FRUDOV VXSSRUW D GL�
YHUVH UDQJH RI PDULQH RUJDQLVPV� FUHDWLQJ ELRGL�
YHUVH HFRV\VWHPV WKDW SURYLGH JRRGV DQG VHUYLFHV
RQ ZKLFK PRUH WKDQ ��� PLOOLRQ SHRSOH UHO\� DV
D VRXUFH RI IRRG� IRU LQFRPH DQG FRDVWDO SURWHF�
WLRQ �2UORZVNL 	 5KRGHV� ����� +RHJK�*XOGEHUJ�
3HQGOHWRQ� 	 .DXS� ������ 7KH ˋIWK *OREDO (QYL�
URQPHQW 2XWORRN �*(2 �� SUHGLFWV WKDW LI JOREDO
DQG ORFDO WKUHDWV WR FRUDOV DUH OHIW XQFKHFNHG�
LW FRXOG UHVXOW LQ PDVV FRUDO PRUWDOLW\ E\ ����
�8QLWHG 1DWLRQV HW DO�� ����� 7DPHODQGHU� ������
7KH ORVV RI FRUDO FRYHU ZRXOG UHVXOW LQ VKLIWV IURP
FRUDO�GRPLQDWHG WR DOJDO�GRPLQDWHG UHHIV� FRQVH�
TXHQWO\ OHDGLQJ WR WKH ORVV RI WKH JRRGV DQG VHU�
YLFHV �7DPHODQGHU� ������

7KH ���� ,QWHUJRYHUQPHQWDO 3DQHO RQ &OLPDWH
&KDQJH �,3&&� UHSRUW SUHGLFWV D �ȟ� rC LQFUHDVH LQ
WKH JOREDO 667 E\ ���� LI FXUUHQW JUHHQKRXVH JDV
SDWWHUQV DUH OHIW XQFKDQJHG �(QYLURQPHQWDO 3UR�
WHFWLRQ 'HSDUWPHQW� ������ 0DUVKDOO HW DO� ������
VXJJHVWHG WKDW WKH SULPDU\ FDXVH RI PDVV FRUDO
EOHDFKLQJ HYHQWV LV GXH WR LQFUHDVHG VHD WHPSHU�
DWXUHV� 6HD WHPSHUDWXUH LQFUHDVHV RI ��� rC DERYH
WKH ORQJ�WHUP DYHUDJH PD[LPXP FDQ WULJJHU PDVV
FRUDO EOHDFKLQJ �0DUVKDOO HW DO�� ������ 7KLV LQ�
IRUPDWLRQ DERXW KRZ FRUDO EOHDFKLQJ LV FDXVHG E\
DQ LQFUHDVH LQ VHD WHPSHUDWXUH OHG PH WR EHOLHYH
WKDW DOO FRUDO UHHIV DUH H[WUHPHO\ VXVFHSWLEOH WR DQ
LQFUHDVH LQ WHPSHUDWXUH� , ZDQWHG WR LQYHVWLJDWH
ZKHWKHU WKLV ZDV RFFXUULQJ LQ WKH PDUJLQDO UHHIV
RI +RL +D :DQ� +RQJ .RQJ�

*RRGNLQ HW DO� ������ FRPSDUHG 667 UDQJHV RI
PDUJLQDO UHHIV IRXQG JOREDOO\� UHHIV LQ +RQJ .RQJ
DQG WKH 3HUVLDQ *XOI KDG WKH KLJKHVW 667 UDQJH�
6LPLODUO\� %UDGEHHU HW DO� ������ KDV IRXQG WKDW GXH
WR +RQJ .RQJȢV JHRJUDSKLFDO ORFDWLRQ� K\GURJUD�
SK\ DQG VXE�WURSLFDO FOLPDWH� +RQJ .RQJȢV FRUDOV
DUH PRUH VWUHVV�UHVLVWDQW WKDQ FRUDOV LQ WURSLFDO
FOLPDWHV� $V 0DUVKDOO VXJJHVWHG� FRUDOV DQG FRUDO
UHHIV KDYH VXUYLYHG D YDULHW\ RI FKDQJHV LQ WKHLU
SK\VLFDO DQG FKHPLFDO HQYLURQPHQW RYHU WKH SDVW
KDOI�PLOOLRQ \HDUV� DQG WKH\ DUH XQOLNHO\ WR GLVDS�

SHDU DOWRJHWKHU� HYHQ XQGHU H[WUHPH FOLPDWH YDUL�
DWLRQV� +RZHYHU� UHHI KHDOWK LV OLNHO\ WR VLJQLI�
LFDQWO\ GHWHULRUDWH DV D UHVXOW RI FRUDO EOHDFKLQJ
�0DUVKDOO HW DO�� ������

7KRPSVRQ ������ FRQGXFWHG LQ YLWUR VWXGLHV RQ
FRUDO PHWDEROLVP PHFKDQLVPV WR LQYHVWLJDWH WKH
SK\VLRORJLFDO UHVSRQVHV RI FRUDOV WR VHDVRQDO
FKDQJHV �LQFOXGLQJ WHPSHUDWXUH�� ZLWK WKH PRVW
FRPPRQO\ IRXQG VSHFLHV RI FRUDOV IRXQG LQ +RQJ
.RQJ� &RUDOV IURP +RQJ .RQJ DUH DQ H[FHOOHQW
PRGHO IRU VWXG\LQJ KRZ FRUDOV FRSH ZLWK FKDQJHV
LQ FOLPDWH� DV FRUDOV DFFOLPDWL]HG WR VHDVRQDO YDUL�
DWLRQ FRXOG H[WHQG RU FRPSUHVV WKHLU WKHUPDO
UDQJHV� 'HVSLWH WKH H[WUHPH WKHUPDO YDULDWLRQV�
+RQJ .RQJ LV KRPH WR D UHODWLYHO\ KHDOWK\ FRUDO
FRPPXQLW\ RI PRUH WKDQ �� VSHFLHV �7KRPSVRQ�
������

, ZDQWHG WR LQYHVWLJDWH ZKHWKHU FKDQJHV LQ ORFDO
667 ZRXOG FRUUHODWH ZLWK WKH KHDOWK RI WZR FRUDO
UHHIV LQ WKH JRYHUQPHQW GHVLJQDWHG 0DULQH 3DUN�
+RL +D :DQ 0DULQH 3DUN LQ +RQJ .RQJ�

� ,QYHVWLJDWLRQ

��� +\SRWKHVLV

Hi� 7KH HIIHFW RI LQFUHDVHV LQ +RQJ .RQJȢV DQ�
QXDO 667 DERYH WKH RSWLPXP WHPSHUDWXUH UDQJH
ZLOO FDXVH D GHFUHDVH LQ FRUDO KHDOWK IURP WZR FRUDO
UHHIV LQ +RL +D :DQ� +RQJ .RQJ� VKRZLQJ DQ LQ�
YHUVH OLQHDU UHODWLRQVKLS� 7KLV ZLOO VXSSRUW ˋQG�
LQJV E\ 0DUVKDOO HW DO� ������� VXJJHVWLQJ WKDW LQ�
FUHDVHG 667 EUHDNV GRZQ WKH PXWXDOLVWLF UHODWLRQ�
VKLS EHWZHHQ FRUDO SRO\SV DQG ]RR[DQWKHOODH� LQ�
GXFLQJ FRUDO EOHDFKLQJ DV D VWUHVV UHVSRQVH� :KHQ
VHD WHPSHUDWXUHV DUH WRR KLJK DQG H[FHHG RSWL�
PDO WHPSHUDWXUH UDQJHV� HQ]\PHV LQYROYHG ZLWK
WKH .UHEV &\FOH �DVVRFLDWHG ZLWK FHOOXODU UHVSLUD�
WLRQ� GHQDWXUH� ZKLFK UHVWULFWV HQHUJ\ WUDQVIRUPD�
WLRQ �7KRPSVRQ� ������ =RR[DQWKHOODH ZLOO EH H[�
SHOOHG� FRUDO SRO\SV ZLOO WKHQ UHO\ RQ KHWHURWURSKLF
IHHGLQJ DQG VWRUHG OLSLGV �-RNLHO� ������

H0� 6HD WHPSHUDWXUH GRHV QRW DIIHFW FRUDO KHDOWK�
7KLV LV EHFDXVH WKH DQQXDO 667 LQFUHDVHV DERYH
WKH FRUDOVȢ RSWLPXP WKHUPDO UDQJHV GR QRW LQGXFH
WKHUPDO VWUHVV LQ FRUDOV IRXQG LQ+RL+D:DQ� +RQJ
.RQJ� =RR[DQWKHOODH FDQ PD[LPL]H WKHLU FDSDFLW\
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IRU SKRWRV\QWKHVLV YLD DFFOLPDWLRQ GHSHQGLQJ RQ
WKH OLJKW DQG WHPSHUDWXUH UHJLPHV RI WKHLU HQYL�
URQPHQWV �-RNLHO� ������

��� ,QGHSHQGHQW 9DULDEOH

7KH LQGHSHQGHQW YDULDEOH RI WKLV LQYHVWLJDWLRQ
LV ORFDO PRQWKO\ 667� PHDVXUHG LQ rC� FROOHFWHG
WKURXJK D VHFRQGDU\ VRXUFH� 7KHUH DUH WZR GDWD
VHWV DYDLODEOH IRU 667 GDWD LQ +RQJ .RQJ�

7KH ˋUVW GDWD VHW LV IURP WKH +RQJ .RQJ 2EVHUYD�
WRU\ �+.2� 0RQWKO\ 'DWD IRU 6LQJOH (OHPHQW ZHE
SDJH �+RQJ .RQJ 2EVHUYDWRU\� ������ 6HD WHPSHU�
DWXUH LV FROOHFWHG E\ +.2 DW WKHLU 1RUWK 3RLQW VWD�
WLRQ LQ WKH PRUQLQJ� 6HD WHPSHUDWXUH LV FROOHFWHG
GDLO\ DQG D PRQWKO\ DYHUDJH LV FDOFXODWHG� GDWD LV
DYDLODEOH IURP $XJXVW� ���� XQWLO -XO\� �����

7KH VHFRQG GDWD VHW LV IURP WKH +RQJ .RQJ (Q�
YLURQPHQWDO 3URWHFWLRQ 'HSDUWPHQW �(3'�� WKHLU
0DULQH :DWHU 4XDOLW\ 'DWD ZHE SDJH SURYLGHV VHD
WHPSHUDWXUH GDWD VSHFLˋF WR �� GLIIHUHQW PDULQH
ZDWHUPRQLWRULQJ VWDWLRQV LQ+RQJ.RQJ �DV VKRZQ
LQ )LJXUH ��� 7KHPRQLWRULQJ VWDWLRQ FORVHVW WR +RL
+D :DQ LV VWDWLRQ 00�� :DWHU LV VDPSOHG RQFH
SHU PRQWK XVLQJ D URVHWWH VDPSOLQJ V\VWHP� :D�
WHU VDPSOHV DUH WDNHQ DW WKUHH GHSWKVȟ ȤVXUIDFHȥ
ZDWHU VDPSOHV DUH FROOHFWHG RQH PHWUH EHORZ WKH
VXUIDFH RI WKH ZDWHU� ȤPLGGOHȥ VDPSOHV DUH FRO�
OHFWHG PLGZD\ EHWZHHQ WKH VXUIDFH 	 WKH VHD EHG�
ȤERWWRPȥ VDPSOHV DUH FROOHFWHG RQH PHWUH DERYH
WKH VHD EHG �:RQJ� ������ 'DWD IRU ZDWHU VDPSOHV
WDNHQ DW WKH ȤVXUIDFHȥ GHSWK ZDV VHOHFWHG DV FRUDO
UHHIV LQ +RL +D :DQ DUH VKDOORZ� DURXQG ��� PH�
WUHV GHHS� :DWHU VDPSOHV DW WKH ȤPLGGOHȥ GHSWK
ZRXOG EH DURXQG ����PHWUHV GHHS� DV+RQJ.RQJȢV
(DVWHUQ ZDWHUV ȤDYHUDJH EHWZHHQ �� DQG �� PH�
WUHV LQ GHSWKȥ DFFRUGLQJ WR WKH (3' �:RQJ� ������
7KH XVH RI D 'LIIHUHQWLDO *OREDO 3RVLWLRQLQJ 6\V�
WHP �'*36� HQVXUHV WKH ORFDWLRQ DFFXUDF\ RI ± �
PHWUH IRU ZDWHU VDPSOHV �:RQJ� ������ 0RQWKO\
667 GDWD LV DYDLODEOH IURP ����������

7KH +.2 GDWD VHW SURYLGHV PRQWKO\ DYHUDJH 667
YDOXHV� H[WUHPH DQG GUDVWLF WHPSHUDWXUH YDOXHV
WKDW FDQ FKDQJH ZLWKLQ GD\V DUH VPRRWKHG RXW
E\ WKH PRQWKO\ DYHUDJH �*XDQ� +RKQ� 	 0HULFR�
������ :KLOH WKH (3' GDWD VHW MXVW FROOHFWV ZDWHU
VDPSOHV RQFH SHU PRQWK� DQG RQ GLIIHUHQW GD\V LQ
HDFK PRQWK� &ROOHFWLQJ 667 GDWD RQFH SHU PRQWK

GRHV QRW UHFRUG WKH H[WUHPH DQG GUDVWLF WHPSHUD�
WXUH ˌXFWXDWLRQV WKDW FDQ RFFXU ZLWKLQ GD\V� 7KH
(3' DOVR ODFNV GDWD IRU -DQXDU\� ���� WR -XO\� �����

$PRQJ WKH WZR GDWD VHWV� WKH (3' GDWD VHW LV
PRUH DSSURSULDWH IRU WKLV LQYHVWLJDWLRQ DV WKH ZD�
WHU VDPSOLQJ VWDWLRQ LV VSHFLˋF WR WKH ORFDWLRQ RI
FRUDO UHHIV LQ +RL +D:DQ� DV FRPSDUHG WR WKH +.2
GDWD VHW ZKHUH WKH ZDWHU LV VDPSOHG LQ 1RUWK 3RLQW
�VKRZQ LQ )LJXUH ��� 7KH ORFDWLRQ VSHFLˋFLW\ RI WKH
667 GDWD PDNHV WKH (3' GDWD VHW PRUH UHOHYDQW�
1RUWK 3RLQW LV ORFDWHG LQ 9LFWRULD +DUERU ZKLFK
LV QRW H[SRVHG WR WKH RFHDQ FXUUHQWV DIIHFWLQJ WKH
(DVWHUQ ZDWHUV RI +RQJ .RQJ�

7R XVH WKH (3' GDWD VHW� WKH GDWD PXVW EH H[WUDSR�
ODWHG WR FUHDWH D UHSUHVHQWDWLRQ RI 667 WUHQGV IURP
-DQXDU\� ���� WR -XO\� ����� )LUVWO\� WKH (3' GDWD
VHW LV FRPSDUHG WR WKH +.2 GDWD VHW WR LGHQWLI\
FRQJUXHQFH� %RWK GDWD VHWV VKRZ FRQJUXHQFH LQ
WKH \HDUO\ 667 ˌXFWXDWLRQV IURP -DQXDU\� ���� WR
'HFHPEHU� ���� �VKRZQ LQ )LJXUH ��� 7KH VHDVRQDO
WHPSHUDWXUH F\FOH IRU ERWK GDWD VHWV RVFLOODWHV DQ�
QXDOO\ LQ VLPLODU SDWWHUQV� ,W PD\ EH SUHGLFWHG WKDW
WKH PRQWKO\ WHPSHUDWXUH LQ WKH PLVVLQJ SHULRG�
IURP -DQXDU\ ���� WR 6HSWHPEHU ���� RI WKH (3'
GDWD VHW� ZLOO IROORZ WKH SDWWHUQ RI WKH SUHYLRXV
IRXU \HDUV�

1H[W� WKH GDWD RI WKH VDPH PRQWK LQ DOO DYDLODEOH
\HDUV� �IRU H[DPSOH� 667 IURP WKH (3' GDWD VHW
IRU 2FWREHU LQ ����� ����� ����� ����� ����� ZHUH
DGGHG XS DQG DYHUDJHG LQWR D ˋYH�\HDU DYHUDJH2F�
WREHU 667 YDOXH�� 7KH VDPH DSSURDFK ZDV DSSOLHG
WR WKH +.2 GDWD VHW� 7KH ˋYH�\HDU DYHUDJH 667
YDOXH IRU HDFKPRQWK LQ ERWK GDWD VHWVZDV JUDSKHG
WRJHWKHU DV LQ )LJXUH ��

&ORVHO\ FRQJUXHQW 667 ˌXFWXDWLRQV GXH WR +RQJ
.RQJȢV VHDVRQDO FKDQJHV LQ FOLPDWH IRU +RL +D:DQ
DQG 1RUWK 3RLQW FDQ EH LGHQWLˋHG� %RWK GDWD VHWV
KDYH DQ DQQXDO 667 PLQLPXP LQ )HEUXDU\ �PLQL�
PXP 667 RI ���� rC�� DQ LQFUHDVH IURP )HEUXDU\ WR
-XO\� D PD[LPXP 667 LQ -XO\ 	 6HSWHPEHU �PD[L�
PXP 667 RI ���� rC�� D GHFUHDVH LQ 667 LQ $XJXVW�
WKHQ D GHFUHDVH LQ 667 IURP 6HSWHPEHU WR 'HFHP�
EHU� 7KHUHIRUH� WKH ˋYH�\HDU DYHUDJH 667 YDOXH IRU
HDFK PRQWK FDQ EH XVHG WR H[WUDSRODWH WKH PLVV�
LQJ WZR \HDUV �-DQXDU\� ���� WR -XO\� ����� LQ WKH
(3' GDWD VHW DV VKRZQ LQ WKH JUDSK EHORZ �)LJ�
XUH ��� ZLWK WKH UHG OLQH UHSUHVHQWLQJ WKH H[WUDS�
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)LJ� �� 0DS RI (3' PDULQH ZDWHU TXDOLW\ PRQLWRULQJ VWDWLRQV LQ +RQJ .RQJ �(3'��

)LJ� �� *UDSK FRPSDULQJ WKH PRQWKO\ 667 GDWD �rC� IURP WKH (3' GDWD VHW �IURP ���������� WR WKH +.2 GDWD VHW
����� WR ������
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)LJ� �� *UDSK VKRZLQJ WKH ˋYH�\HDU DYHUDJH PRQWKO\ 667 �rC� IRU WKH (3' DQG +.2 GDWD VHWV�

)LJ� �� +RL +D :DQ PRQWKO\ 667 �rC� IURP -DQXDU\� ���� WR -XO\� ���� ZLWK H[WUDSRODWLRQ IURP WKH (3' GDWD VHW�

RODWHG GDWD� +RZHYHU� XVLQJ H[LVWLQJ 667 GDWD WR
SURMHFW VXEVHTXHQW \HDUO\ 667 ˌXFWXDWLRQV FDQQRW
UHˌHFW DQ\ XQFRQYHQWLRQDO GHYLDWLRQV RU DQRPD�
OLHV RI 667 FKDQJHV WKDW KDYH KDSSHQHG LQ �����
�����

��� 'HSHQGHQW YDULDEOH

7KH GHSHQGHQW YDULDEOH RI WKLV LQYHVWLJDWLRQ LV
FRUDO KHDOWK� TXDQWLˋHG XVLQJ D FXPXODWLYH DYHU�
DJH �&$� YDOXH IURP WKH &RUDO:DWFK FRUDO KHDOWK
FKDUW� &RUDO KHDOWK LV PHDVXUHG XVLQJ WKH 7UD�
GLWLRQDO &KLQHVH &RUDO:DWFK FRUDO KHDOWK FKDUW
�VSHFLˋFDOO\ FUHDWHG IRU FLWL]HQ VFLHQFH SURJUDPV
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LQ+RQJ.RQJ FRUDO UHHIV� WKH FRORUV VKDGHV VOLJKWO\
GLIIHU IURP WKH JHQHUDO FKDUW ȟ VHH )LJXUH �� FUH�
DWHG E\ WKH 8QLYHUVLW\ RI 4XHHQVODQG� 7KH &RUDO�
:DWFK FRUDO KHDOWK FKDUW LV D PHWKRG RI TXDQWL�
I\LQJ ]RR[DQWKHOODH DEXQGDQFH DV DQ LQGLFDWRU RI
FRUDO KHDOWK� QRW D GLUHFW PHDVXUH RI FRUDO KHDOWK
EDVHG RQ FRUDO FRORU�

)LJ�����7KH�WUDGLWLRQDO�&KLQHVH�&RUDO:DWFK�FRUDO�KHDOWK�
FKDUW��&KDQ� +RGJVRQ��������

7KH�GDWD�FROOHFWLRQ�PHWKRG�XVHV�D�OLQH�WUDQVHFW�WR�
VDPSOH����FRUDOV��WKH�OLJKWHVW�DQG�GDUNHVW�FRORU�RI�
HDFK�FRUDO�LV�UHFRUGHG��FRUUHVSRQGLQJ�WR�D�QXPEHU��
$FFRUGLQJ�WR�WKH�&RUDO:DWFK�VLWH��Ȥ7KH�FKDUW�LV�D�
SUR[\�LQGLFDWRU�RI�V\PELRQW�GHQVLW\�ZLWK�D���SRLQW�
QXPHULFDO� VFDOH�� 7KH� EULJKWQHVV� FRUUHVSRQGV� WR�
WKH�V\PELRQW�GHQVLW\�DQG�WKH�IRXU�FRPPRQ�FRUDO�
FRORUV�DVVLVW�VHOHFWLQJ�WKH�DFFXUDWH�QXPEHUȥ�� 7KH�
JUHDWHU�WKH�QXPEHU�� WKH�EULJKWHU�WKH�FRORU�RI�WKH�
FRUDO�� LQGLFDWLQJ� D� JUHDWHU� DEXQGDQFH� DQG� GHQ�
VLW\�RI� ]RR[DQWKHOODH�� LQIHUULQJ�D�KHDOWK\� V\PEL�
RWLF�UHODWLRQVKLS�EHWZHHQ�]RR[DQWKHOODH�DQG�FRUDO�
SRO\SV��&KDQ� +RGJVRQ��������� $Q�DYHUDJH�RI�WKH�
GDUNHVW�	� OLJKWHVW� FRORU� IRU� HDFK� FRUDO� LV� FDOFX�
ODWHG�� DQG� WKHQ� D� FXPXODWLYH� DYHUDJH� RI� DOO� WKH�
DYHUDJH� &$� YDOXHV� LV� FDOFXODWHG� IRU� HDFK�PRQWK�
RI� HDFK� \HDU�� 7KH�&$� YDOXH� KDV� D�PD[LPXP� RI�
���LQIHUULQJ�PLQLPXP�HQYLURQPHQWDO�VWUHVV��DQG�D�
PLQLPXP�RI����LQIHUULQJ�PD[LPXP�HQYLURQPHQWDO�
VWUHVV�� 7KH�PHWKRG�RI�GDWD�FROOHFWLRQ�LV�EDVHG�RQ�
WKH�UHHI�FKHFN�PHWKRG�XVHG�E\�2FHDQZD\�&RUSRUD�
WLRQ�/LPLWHG��EDVHG�RQ�WKH�+RQJ�.RQJ�$JULFXOWXUH�

)LVKHULHV DQG &RQVHUYDWLRQ 'HSDUWPHQW �$)&'�
UHHI FKHFN PHWKRG�

&RUDO KHDOWK GDWD LV FROOHFWHG PDLQO\ WKURXJK D
VHFRQGDU\ VRXUFH� +LVWRULFDO &RUDOZDWFK GDWD IURP
WKH SURWHFWHG DUHDV� &RUDO %HDFK DQG WKH 3LHU $UHD
LQ +RL +D :DQ� GDWLQJ EDFN WR ���� KDV EHHQ SUR�
YLGHG E\ 3DXO +RGJVRQ IURP 2FHDQZD\� 3ULPDU\
UHVHDUFK ZDV DOVR DEOH WR FRQWULEXWH WR RQH GDWD
SRLQW IRU FRUDO KHDOWK LQ -XO\� ����� 7KH PDLQ XVH
RI ˋHOGZRUN IRU SULPDU\ UHVHDUFK LV WR XQGHUVWDQG
WKH PHWKRGRORJ\ RI KRZ WKH VHFRQGDU\ GDWD ZDV
FROOHFWHG IRU WKH KLVWRULFDO GDWD�

��� &RQWUROOHG 9DULDEOHV

7KH GLYH ORFDWLRQV FKRVHQ IRU GDWD FROOHFWLRQ
KDG WKH VDPH *36 ORFDWLRQV DV GLYHV FRQGXFWHG
E\ 2FHDQZD\ &RUSRUDWLRQ /LPLWHG IRU KLVWRULFDO
GDWD FROOHFWLRQ� 7KH H[DFW FRRUGLQDWHV RI &RUDO
%HDFK DUH ��r��Ȣ����ȥ1� ���r��Ȣ����ȥ(� DQG WKH
FRRUGLQDWHV IRU WKH 3LHU $UHD DUH ��r��Ȣ����ȥ1�
���r��Ȣ����ȥ(� 7KH GLYHV ZHUH FRQGXFWHG RQ WKH
VDPH GD\� ��PLQXWHV DSDUW VR WKH ZHDWKHU� DLU DQG
VHD WHPSHUDWXUH� YLVLELOLW\ FRQGLWLRQV UHFRUGHG
ZHUH VLPLODU� 7KH GLYLQJ GHSWK ZDV FRQWUROOHG DQG
UDQJHG IURP ��� PHWUHV� ZKLFK ZDV HDV\ WR PDLQ�
WDLQ DV WKH GHSWK RI FRUDO UHHIV LQ +RL +D GLYH VLWHV
DUH D FRQVWDQW GHSWK RI DURXQG � PHWUHV�

7KH FRUDO VDPSOH VL]H ZDV FRQWUROOHG� �� FRUDOV SHU
GLYH VLWH ZHUH VDPSOHG IRU GDWD FROOHFWLRQ� HDFK
FRUDO � PHWUH DSDUW RQ D ���PHWUH WUDQVHFW OLQH�
7KH VDPSOLQJ PHWKRG ZDV FRQWUROOHG E\ XVLQJ D
���PHWUH OLQH WUDQVHFW ODLG RXW XQGHUZDWHU� WZR
GLYHUV VDPSOHG WKH QHDUHVW FRUDO HYHU\ PHWUH� EXW
RQH GLYHU VWDUWLQJ DW ��� P DQG WKH RWKHU GLYHU
VWDUWLQJ DW ��� P� 7KLV HQVXUHV WKH VDPH FRUDO ZLOO
QRW EH VDPSOHGPRUH WKDQRQFH� DQG WKH VXUYH\ FDQ
EH HPSOR\HG XQGHU WXUELG ˋHOG FRQGLWLRQV �&RSH	
0RUWRQ� ������

7KH VDPSOLQJ WHFKQLTXH ZDV FRQWUROOHG E\ XVLQJ
WKH WUDGLWLRQDO &KLQHVH &RUDO:DWFK FKDUW IRU VDP�
SOLQJ� 7KH GDUNHVW DQG OLJKWHVW VKDGH DQG FRORU RI
FRUDO ZHUH UHFRUGHG XVLQJ WKH FRUUHVSRQGLQJ OHW�
WHUV DQG QXPEHUV VKRZQ RQ WKH VODWH� 7KH WLSV RI
WKH FRUDOV ZHUH QRW VDPSOHG� FRUDO WLSV DUH QDW�
XUDOO\ OLJKWHU DV LW LV WKH DUHD RI FRUDO JURZWK�
VR WKH\ DUH QRW D UHSUHVHQWDWLRQ RI FRUDO EOHDFK�
LQJ�EODQFKLQJ� 9LVLELOLW\ ZDV SRRU GXH WR D KLJK

��



VHGLPHQW FRQFHQWUDWLRQ� D WRUFK ZDV XVHG ZKHQ
WKH FRORU RI FRUDO ZDV KDUG WR GHWHUPLQH� GXH WR
WKH SRRU YLVLELOLW\� 6XQOLJKW ZDV QRW FRQVLVWHQW
DV WKH ZHDWKHU YDULHV RQ GLIIHUHQW GDWD FROOHFWLRQ
GD\V �IRU KLVWRULFDO GDWD�� 'XULQJ FORXG\ SHULRGV�
D WRUFK ZDV XVHG WR DFFXUDWHO\ GHWHUPLQH WKH FRUDO
FRORU�

��� &RIRXQGLQJ 9DULDEOHV

&RQIRXQGLQJ YDULDEOHV LQFOXGH QDWXUDO DQG DQ�
WKURSRJHQLF SURFHVVHV� &RUDO ELRHURVLRQ �EUHDN�
GRZQ RI FRUDO VXEVWUDWHV� ZDV D QDWXUDO SURFHVV
WKDW RFFXUUHG GXH WR RYHUJUD]LQJ IURP FRUDOOLY�
RURXV VSHFLHV� LQFOXGLQJ 'LDGHPD VHWRVXP �ORQJ�
VSLQHG VHD XUFKLQ� DQG 'UXSHOOD UXJRVD �JDV�
WURSRGV�� 7KH ODFN RI &KRHURGRQ VFKRHQOHLQLL
�EODFN�VSRW WXVNˋVK�ȟ D QDWXUDO SUHGDWRU IRU 'L�
DGHPD VHWRVXP� PRVW OLNHO\ GXH WR RYHUˋVKLQJ
�&RUQLVK� ������ KDV JUHDWO\ LQFUHDVHG'LDGHPD 6H�
WRVXP SRSXODWLRQV DQG DEXQGDQFH �/DP� 6KLQ� 	
+RGJVRQ� ������

$ KLJK DEXQGDQFH RI VHD XUFKLQV KDV D QHJDWLYH HI�
IHFW RQ WKH KHDOWK RI FRUDOV� 7KH GLVWULEXWLRQ DQG
GHQVLW\ RI WKH FRUDOOLYRURXV VHD XUFKLQ'LDGHPD VH�
WRVXP KDV LQFUHDVHG LQ +RL +D :DQ� FDXVLQJ VH�
ULRXV ELRHURVLRQ LQ DSSUR[LPDWHO\ ��� FRORQLHV LQ
���� �/DP HW DO�� ������

,Q ����� ELRHURVLRQ E\ WKHVH � VSHFLHV LQ &RUDO
%HDFK ZDV VR VHYHUH WKDW WKH $JULFXOWXUH� )LVK�
HULHV DQG &RQVHUYDWLRQ 'HSDUWPHQW RI +RQJ .RQJ
�$)&'� UHPRYHG DURXQG ������ HDFK RI 'UXSHOOD
UXJRVD DQG 'LDGHPD VHWRVXP� DQG WKH DUHD ZDV
FORVHG RII WR KXPDQ DFWLYLWLHV XQWLO ���� WR SUR�
PRWH FRUDO JURZWK� %DVHG RQ TXDOLWDWLYH REVHUYD�
WLRQV� &RUDO %HDFK KDV UHFRYHUHG IURP WKH ELRHUR�
VLRQ� KRZHYHU� 'LDGHPD VHWRVXP SRSXODWLRQV DUH
VWLOO KLJK�

$QRWKHU QDWXUDO SURFHVV LQFOXGHV WHPSHUDWXUH
FKDQJHV FDXVHG E\ WKH (O 1L³R 6RXWKHUQ 2VFLOOD�
WLRQ �(162� F\FOH� D TXDVL�SHULRGLF F\FOH RI ZDUP�
LQJ DQG FRROLQJ LQ WKH WURSLFDO FHQWUDO DQG HDVWHUQ
3DFLˋF 2FHDQ� ZKLFK LPSDFWV ZHDWKHU� VHD WHP�
SHUDWXUHV DQG FOLPDWHV ZRUOGZLGH� (O 1L³R LV WKH
QHJDWLYH RU WKH ZDUP SKDVH RI WKH (O 1L³R 6RXWK�
HUQ 2VFLOODWLRQ �(162� F\FOH� DQG /D 1L³D LV WKH
SRVLWLYH� RU WKH FRRO SKDVH �+ROODQG� ������

(O 1L³R LV D SHULRG RI DERYH�DYHUDJH 667� ZKHUHDV
/D 1L³D LV D SHULRG RI EHORZ�DYHUDJH 667� ZLWK DQ
DQRPDO\ RI ± ��� rC� DFFRUGLQJ WR WKH 1DWLRQDO
2FHDQLF DQG $WPRVSKHULF $GPLQLVWUDWLRQ �12$$�
2FHDQLF 1L³R ,QGH[ �21,�� %DVHG RQ WKH WHPSHU�
DWXUH DQRPDOLHV IURP WKH 12$$ 21,� WKH PRVW
UHFHQW (O 1L³R RFFXUUHQFHV ZHUH IURP 1RYHPEHU�
���� WR 0D\� ����� IURP 2FWREHU� ���� WR -XQH�
����� DQG IURP 1RYHPEHU� ���� WR 0DUFK� �����
7KH PRVW UHFHQW /D 1L³D RFFXUUHQFHV ZHUH IURP
$XJXVW� ���� WR 'HFHPEHU� ����� DQG IURP 2FWR�
EHU� ���� WR 0DUFK� �����

,QFUHDVHG VHD WHPSHUDWXUHV DVVRFLDWHG ZLWK (O
1L³R KDYH FDXVHG FRUDO EOHDFKLQJ HYHQWV� WKH ˋUVW
ZLGHVSUHDG PDVV EOHDFKLQJ RFFXUUHG GXULQJ WKH
������� (O 1L³R� DQG JOREDO PDVV EOHDFKLQJ ZDV
DOVR HYLGHQW LQ WKH ������� (O 1L³R �0DUVKDOO�
6FKXWWHQEHUJ� :HVW� 	 *UHDW %DUULHU 5HHI 0DULQH
3DUN $XWKRULW\� ������

$QWKURSRJHQLF SURFHVVHV FDXVH SK\VLFDO GLVWXU�
EDQFHV� 7KH XVH RI WUDZOLQJ QHWV� ERDW DQFKRU�
LQJ DQG EODVW ˋVKLQJ FDXVH GLUHFW SK\VLFDO GDPDJH
WR FRUDO� WKHVH GLVWXUEDQFHV DOVR VWLU XS VHGLPHQWV
ZKLFK KDYH D QHJDWLYH LPSDFW RQ FRUDO KHDOWK� $F�
FRUGLQJ WR 6FKPLGW ������� Ȥ%OHDFKHG UHHIV� ZHDN�
HQHG IURP ]RR[DQWKHOODH ORVV� DUH HVSHFLDOO\ YXO�
QHUDEOH WR WKH VWUHVV RI DQ LQFUHDVHG VHGLPHQW
ORDG� &RUDOV DUH VSHQGLQJ WKHLU UHPDLQLQJ OLPLWHG
HQHUJ\ RQ FOHDQLQJ RXW VHGLPHQWV LQVWHDG RI FDS�
WXULQJ IRRG� 6HGLPHQWV FRDW WKH VNHOHWDO UHHI VXU�
IDFHV WKDW FRUDO ODUYDH ZRXOG XVXDOO\ VHWWOH RQ DQG
SRSXODWHȥ� $Q LQFUHDVHG VHGLPHQW ORDG KDG QHJD�
WLYH HIIHFWV RQ DOUHDG\ EOHDFKHG UHHIV�

� 0HWKRG

��� ([SHULPHQWDO PHWKRG

([WUDSRODWLRQ RI 667 GDWD ZDV FRQGXFWHG WR FUHDWH
D WUHQGOLQH IRU PRQWKO\ 667 WUHQGV IURP -DQXDU\�
���� WR -XO\� ���� IRU WKH (3' GDWD VHW� DV RXWOLQHG
LQ )LJXUH ��

2Q WKH GD\ ˋHOGZRUN ZDV FRQGXFWHG� GLYH HTXLS�
PHQW ZDV ˋUVW FROOHFWHG DQG EURXJKW RQWR WKH GLYH
ERDW� 6HFRQG� WKH FRQGLWLRQV IRU ZHDWKHU� DLU WHP�
SHUDWXUH� VHD WHPSHUDWXUH DQG YLVLELOLW\ RI WKH ZD�
WHU ZHUH FROOHFWHG RQ D VODWH� 7KHQ� WKH *36 ORFD�

��



)LJ� �� 0DS RI +RL +D :DQ 0DULQH 3DUN ZLWK WKH FR�
RUGLQDWHV RI WKH WZR GLYH ORFDWLRQV ZKHUH WKH WUDQVHFWV
ZHUH WDNHQ �$)&' +RQJ .RQJ��

)LJ� �� &RUDO:DWFK GDWD FROOHFWLRQ VKHHW XVHG IRU GDWD
FROOHFWLRQ �&RUDO:DWFK��

WLRQ RI WKH GLYH VLWH ZDV FROOHFWHG YLD *RRJOH0DSV�
FKRVHQ EDVHG RQ WKH ORFDWLRQZKHUH2FHDQZD\ FRO�
OHFWHG FRUDO KHDOWK GDWD IRU WKHLU GDWD VHW�

$W WKH ˋUVW GLYH VLWH� &RUDO %HDFK �VHH )LJXUH ��� D
���PHWUH WUDQVHFW OLQH ZDV FDUHIXOO\ ODLG RXW XQ�
GHUZDWHU� WR HQVXUH LW GLG QRW HQWDQJOH DQG GDP�
DJH DQ\ FRUDO� �� FRUDOV ZHUH H[DPLQHG LQ VLWXZLWK
WKH DVVLVWDQFH RI WZR GLYHUV DQG UHFRUGHG WKH FRUDO
FRORU HYHU\ RQH PHWUH� ZLWK RQH GLYHU VWDUWLQJ DW
WKH �P PDUN DQG WKH VHFRQG GLYHU VWDUWLQJ DW ���
P� 7KH FRORU IRXQG RQ HDFK FRUDO ZDV PDWFKHG
ZLWK WKH VTXDUH ZLWK WKH PRVW VLPLODU FRORU DQG
EULJKWQHVV RQ WKH WUDGLWLRQDO &KLQHVH &RUDO:DWFK
FRUDO KHDOWK FKDUW �VHH )LJXUH ��� 7KLV FRORU ZDV
UHFRUGHG RQ &RUDO:DWFK GDWD VKHHWV �VHH )LJXUH ���
&DUH ZDV WDNHQ WR DYRLG PHDVXULQJ WKH FRORU RI WKH
WLSV RI FRUDOV� VLQFH WKHUH FDQ EH D GHOD\ LQ FRO�
RUDWLRQ GXH WR WKH UHTXLUHG XS�WDNH WLPH IRU ]RR[�
DQWKHOODH WR HQWHU FRUDO WLVVXH �/DP HW DO�� ������
$IWHU D ���PLQXWH VXUIDFH LQWHUYDO IRU GHFRPSUHV�
VLRQ WLPH� WKH VDPH GDWD FROOHFWLRQ SURFHVV ZDV
UHSHDWHG DW WKH VHFRQG GLYH VLWH� WKH 3LHU $UHD
�VKRZQ LQ )LJXUH ���

� 5HVXOWV

��� 3URFHVVHG 'DWD

([WUDSRODWLQJ DYHUDJH 667 YDOXH IRU HDFK
PRQWK

%\ H[WUDSRODWLRQ� WKH DYHUDJH 667 YDOXH IRU HDFK
PRQWK LV JLYHQ E\ HTXDWLRQ ��

∑
(SST values of one month from 2015 to 2020)

Number of SST values added
���

$ VDPSOH FDOFXODWLRQ IRU WKH DYHUDJH 667 YDOXH IRU
-DQXDU\ �('3 GDWD� LV VKRZQ LQ HTXDWLRQ ��

16.7 + 18.9 + 19.6 + 17.7

4
= 18.2 ���

$YHUDJH YDOXH RI FRUDO KHDOWK RI DQ LQGLYLGXDO
FRUDO

7KH DYHUDJH YDOXH RI FRUDO KHDOWK RI DQ LQGLYLGXDO
FRUDO LV JLYHQ E\ HTXDWLRQ ��

��



(Number of the darkest coral color +

Number of the lightest coral color) · 1
2

���

$ VDPSOH FDOFXODWLRQ IRU WKH DYHUDJH YDOXH RI FRUDO
KHDOWK RI FRUDO QR� � IURP &RUDO %HDFK� -XO\ ����
LV VKRZQ LQ HTXDWLRQ ��

5 + 2

2
= 3.5 ���

&XPXODWLYH DYHUDJH RI D FRUDOȢV KHDOWK YDOXH

7KH FXPXODWLYH DYHUDJH RI D FRUDOȢV KHDOWK YDOXH LV
JLYHQ E\ HTXDWLRQ ��

∑
(Average coral health of all 20 corals)

20
���

$ VDPSOH FDOFXODWLRQ IRU WKH FXPXODWLYH DYHUDJH
RI FRUDO KHDOWK IRU &RUDO %HDFK� -XO\ ����� ZKHUH∑

(Average coral health of all 20 corals = 60.5�
LV VKRZQ LQ HTXDWLRQ ��

60.5

20
= 3.025 ���

U� 9DOXH

r2 YDOXH IRU D OLQHDU UHJUHVVLRQ OLQH ZDV JHQHUDWHG
XVLQJ WKH VRIWZDUH 7DEOHDX�

0RQWKO\ FRUDO KHDOWK GDWD ˌXFWXDWHV ZLWK FRUUH�
VSRQGLQJ PRQWKO\ 667 GDWD LQ D F\FOLFDO SDWWHUQ
HDFK \HDU� DV VHHQ LQ )LJXUHV � DQG ��� 7KH ORZHVW
FRUDO KHDOWK &$ YDOXH �ODUJHU &$ LQGLFDWLQJ KLJKHU
]RR[DQWKHOODH DEXQGDQFH� LQIHUULQJ JUHDWHU FRUDO
KHDOWK� FDQ EH IRXQG GXULQJ -DQXDU\ WR )HEUXDU\
HDFK \HDU� DOVR WKH PRQWKV ZLWK ORZHVW 667�

,Q )LJXUH �� FRUDO KHDOWK LQFUHDVHV DQG GHFUHDVHV
V\QFKURQRXVO\ ZLWK WKH \HDUO\ 667 ˌXFWXDWLRQV
LQ ���� WR ����� ZKHUH WKH SHDN LQ FRUDO KHDOWK
PDWFKHV ZLWK WKH SHDN LQ 667 �LQ -XO\� ���� DQG
6HSWHPEHU� ������ 6WDUWLQJ LQ ���� XQWLO WKH HQG RI
����� WKHUH LV D GHOD\HG UHVSRQVH LQ FRUDO KHDOWK WR
WHPSHUDWXUH ˌXFWXDWLRQV� ZKHUH WKH SHDNV LQ FRUDO
KHDOWK GR QRW PDWFK WKH SHDN LQ 667� $Q RXWOLHU LV
WKH ORZHVW FRUDO KHDOWK YDOXH ZLWKLQ WKH ��\HDU SH�
ULRG� ����� LQ $SULO� ����� ZKLFK GRHV QRW PDWFK
ZLWK WKH LQFUHDVLQJ 667 WUHQG�

,Q�)LJXUH����� WKHUH� LV�D� ODUJH�DQG�VXGGHQ�GURS� LQ�
FRUDO�KHDOWK�LQ�-XO\��������ZKLFK�GHFUHDVHG�WR�D�&$�
YDOXH�RI������7KH�ORZHVW�DQG�KLJKHVW�&$�YDOXHV�RE�
VHUYHG�ZLWKLQ�WKH���\HDU�SHULRG�DUH������LQ�)HEUX�
DU\������DQG������LQ�6HSWHPEHU������UHVSHFWLYHO\��
6WDUWLQJ�LQ������XQWLO�WKH�HQG�RI�������WKHUH�LV�D�GH�
OD\HG�UHVSRQVH�LQ�FRUDO�KHDOWK�WR�WHPSHUDWXUH�IOXF�
WXDWLRQV��ZKHUH�WKH�SHDN�LQ�FRUDO�KHDOWK�GRHV�QRW�
PDWFK�WKH�SHDN�LQ�667��$Q�RXWOLHU�LV�IRXQG�ZLWK�WKH�
ORZHVW�FRUDO�KHDOWK�YDOXH�RI������LQ�)HEUXDU\�������
ZKLFK�FRQWULEXWHG�WR�WKH�ODUJHVW�GHFUHDVH�LQ�FRUDO�
KHDOWK�ZLWKLQ�WKH���\HDU�SHULRG�

���� 6WDWLVWLFDO�7HVWV

$FFRUGLQJ� WR� 7KRPSVRQ� �������� GLIIHUHQW� FRUDO�
VSHFLHV� KDYH� GLIIHUHQW� RSWLPXP� WKHUPDO� UDQJHV�
DQG� WKUHVKROGV�� VSHFLILF� WR� FRUDOV� IRXQG� LQ�+RQJ�
.RQJ� UHHIV�� 7KH� ORZHVW� WHPSHUDWXUH� IRU� D�PD[�
LPXP� WKHUPDO� UDQJH� LV� ����� rC�� IRU� WKH� $FURS�
RUD�VDPRHQVLV� �VHH�)LJXUH������ ,W�FDQ�EH�DVVXPHG�
WKDW�FRUDO�KHDOWK�ZLOO�GHFOLQH�ZKHQ�LW�LV�RXWVLGH�LWV�
RSWLPXP� WKHUPDO� UDQJH�� SRVVLEO\� LQGXFLQJ� FRUDO�
EOHDFKLQJ�� ,Q�)LJXUHV����DQG�����WKH�LQGHSHQGHQW�
YDULDEOH�LV�SORWWHG�DJDLQVW�WKH�GHSHQGHQW�YDULDEOH�
DV�D�EHWWHU�UHSUHVHQWDWLRQ�RI�ZKHWKHU�WKHUH�LV�DQ\�
FRUUHODWLRQ� EHWZHHQ� WKH� WZR� YDULDEOHV�� 0RQWKO\�
667�YDOXHV�RYHU������rC�ZLOO�EH�SORWWHG��7KH�FRHIIL�
FLHQW�RI�GHWHUPLQDWLRQ��5�VTXDUHG��ZLOO�EH�XVHG�DV�
D�VWDWLVWLFDO�WHVW�DV�D�PHDVXUH�RI�WKH�SHUFHQWDJH�RI�
YDULDEOH�YDULDWLRQ�RI�D�OLQHDU�PRGHO�

7KH�JUDSK�LQ�)LJXUH����KDV�DQ�5�VTXDUHG�YDOXH�RI�
DURXQG���������DQG�WKH�JUDSK�LQ�)LJXUH����KDV�DQ�
5�VTXDUHG�YDOXH�RI�DURXQG���������7KH�5�VTXDUHG�
YDOXH�RU�FRHIILFLHQW�RI�GHWHUPLQDWLRQ�LV�DOPRVW�DW�
���IRU�ERWK�JUDSKV��ZKLFK�LQGLFDWHV�WKDW�WKH�PRGHO�
GRHV�QRW�H[SODLQ�WKH�YDULDELOLW\�RI�WKH�GHSHQGHQW�
YDULDEOH� DURXQG� WKH�PHDQ�� 7KH� VPDOO�5�VTXDUHG�
YDOXH� RQ� ERWK� JUDSKV� VXJJHVWV� WKDW� D� OLQHDU� UH�
JUHVVLRQ�PRGHO� LV�QRW�DSSOLFDEOH� IRU�GHPRQVWUDW�
LQJ�WKH�UHODWLRQVKLS�EHWZHHQ�667�DQG�FRUDO�KHDOWK��
DV�WKHUH�LV�XQH[SODLQDEOH�YDULDWLRQ�SRVVLEO\�GXH�WR�
RWKHU�FRQIRXQGLQJ�IDFWRUV�

��



)LJ� �� *UDSK VKRZLQJ WKH UHODWLRQVKLS EHWZHHQ FRUDO KHDOWK �&$� DQG PRQWKO\ DYHUDJH 667 �rC� DW &RUDO %HDFK�
IURP ���������� 7KH JUHHQ OLQH UHSUHVHQWV PRQWKO\ 667 GDWD YDOXHV SURYLGHG E\ +.2� ZKLOH WKH UHG OLQH UHSUHVHQWV
H[WUDSRODWHGPRQWKO\ 667 GDWD DV QR GDWD IURP -DQXDU\ ���� WR -XO\ ����ZHUH SURYLGHG� 7KH JUH\ OLQH LV WKH WUHQGOLQH
RI WKH 667 GDWD VHW� 7KH VROLG EOXH SORW LV WKH FRUDO KHDOWK GDWD� ZKLFK DUH WKH FXPXODWLYH DYHUDJH RI &RUDOZDWFK
QXPHULF YDOXHV�

)LJ� ��� *UDSK VKRZLQJ WKH UHODWLRQVKLS EHWZHHQ FRUDO KHDOWK �&$� DQG PRQWKO\ DYHUDJH 667 �rC� DW WKH 3LHU $UHD
IURP ���������� 7KH JUHHQ OLQH UHSUHVHQWV PRQWKO\ 667 GDWD YDOXHV SURYLGHG E\ +.2� ZKLOH WKH UHG OLQH UHSUHVHQWV
H[WUDSRODWHGPRQWKO\ 667 GDWD DV QR GDWD IURP -DQXDU\ ���� WR -XO\ ����ZHUH SURYLGHG� 7KH JUH\ OLQH LV WKH WUHQGOLQH
RI WKH 667 GDWD VHW� 7KH VROLG EOXH SORW LV WKH FRUDO KHDOWK GDWD� ZKLFK DUH WKH FXPXODWLYH DYHUDJH RI &RUDOZDWFK
QXPHULF YDOXHV�
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)LJ� ��� *UDSK VKRZLQJ WKH UHODWLRQVKLS EHWZHHQ PRQWKO\ 667 �DERYH ���� rC� DQG FRUDO KHDOWK �&$� DW &RUDO %HDFK�

)LJ� ��� *UDSK VKRZLQJ WKH UHODWLRQVKLS EHWZHHQPRQWKO\ 667 �DERYH ���� rC� DQG FRUDO KHDOWK �&$� DW WKH 3LHU $UHD�

��



)LJ� ��� 2SWLPDO WKHUPDO UDQJHV IRU GLIIHUHQW FRUDO VSHFLHV �7KRPSVRQ� ������

� (YDOXDWLRQ

��� (YDOXDWLRQ RI 'DWD

&RUDO KHDOWK DQG 667 ˌXFWXDWH VLPXOWDQHRXVO\ LQ
)LJXUHV � DQG ��� $QQXDO GHFUHDVHV LQ FRUDO KHDOWK
WKDW KDSSHQ VLPXOWDQHRXVO\ ZLWK WKH DQQXDO GH�
FUHDVHV LQ 667 LQ -DQXDU\ DQG )HEUXDU\ FRXOG EH
UHODWHG WR WKH HIIHFW RI ORZ WHPSHUDWXUHV RQ WKH
PHWDEROLF UDWH RI FRUDO SRO\SV ZKLOH WKH\ DUH SHU�
IRUPLQJ FHOOXODU UHVSLUDWLRQ� 7HPSHUDWXUH KDV D
GLUHFW HIIHFW RQ WKH IXQFWLRQLQJ RI HQ]\PHV LQ�
YROYHG ZLWK WKH WULFDUER[\OLF DFLG F\FOH �.UHEV &\�
FOH�� DW ORZHU WHPSHUDWXUHV� VXEVWUDWHV DUH WDNHQ
XS LQWR WKH DFWLYH VLWHV PRUH VORZO\ �7KRPSVRQ�
������ &RUDO PHWDEROLF XSWDNH VORZV GRZQ ZLWK
ORZHU WHPSHUDWXUHV� ZKLFK FRXOG SRVVLEO\ DFFRXQW
IRU ORZHU FRUDO KHDOWK YDOXHV LQ WKH ZLQWHU PRQWKV�

2Q WKH RWKHU KDQG� WKHUPDO VWUHVV FDQ GHQDWXUH
SURWHLQV DQG HQ]\PHV LQYROYHG LQ SKRWRV\QWKHVLV�
VSHFLˋFDOO\� WKH V\QWKHVLV RI $73 ,Q SKRWRSKRV�
SKRU\ODWLRQ �7KRPSVRQ� ������ DV ZHOO DV HQ]\PHV
LQYROYHG LQ FHOOXODU UHVSLUDWLRQ� $V ]RR[DQWKHO�
ODH SKRWRV\QWKHVLV KDV EHHQ VKRZQ WR FRQWULEXWH
XS WR ���� RI WKH HQHUJ\ QHFHVVDU\ IRU D FRUDOȢV
GDLO\ PHWDEROLVP �7KRPSVRQ� ������ WHPSHUDWXUH
VWUHVV LPSDLULQJ SKRWRV\QWKHVLV ZLOO KLQGHU FRUDO
KHDOWK� 7KLV PD\ EH DEOH WR H[SODLQ WKH GHOD\HG
UHVSRQVH LQ WKH LQFUHDVH RI FRUDO KHDOWK ZKHQ WHP�
SHUDWXUHV LQFUHDVH� 7KLV LV VKRZQ LQ )LJXUH � LQ
����� DQG LQ )LJXUH �� LQ ���� WR ���� ZKHQ KLJK
667 SHDNV DW ���� rC DQG ���� rC UHVSHFWLYHO\�

6XFK KLJK WHPSHUDWXUHV FRXOG KDYH H[FHHGHG WKH
VSHFLˋF FRUDO VSHFLHV WKHUPDO VWUHVV UDQJH�

7KH RYHUDOO GHFUHDVLQJ WUHQG IRU FRUDO KHDOWK IURP
&RUDO %HDFK PD\ EH SDUWO\ H[SODLQHG E\ WKH DEXQ�
GDQFH RI 'LDGHPD VHWRVXP �VHD XUFKLQV� DW &RUDO
%HDFK� /DP HW DO�� ������ UHSRUWHG WKDW DQ RXWEUHDN
RI '� VHWRVXP FDXVHG VHYHUH ELRHURVLRQ� ZHDNHQHG
WKH &D&2� VNHOHWRQ RI FRUDOV PDNLQJ WKHP HDV\
WR WRSSOH DQG YXOQHUDEOH WR GLVHDVHV �$� /� &KDQ
HW DO�� ������ LQ D ODUJH QXPEHU RI FRUDO FRORQLHV
LQ &RUDO %HDFK LQ ���������� &RUDO FRORQLHV DW
0RRQ ,VODQG� DOVR LQ +RL +D :DQ KDYH EHHQ FRP�
SOHWHO\ ELR�HURGHG �ZLWK D FRUDO FRYHU RI RQO\ ���
DV RI -XQH� ������ DFFRUGLQJ WR 3DXO +RGJVRQ IURP
2FHDQZD\ &RUSRUDWLRQ /LPLWHG� EDVHG LQ +RL +D
:DQ�

'HVSLWH WKH ORZ 5�VTXDUHG YDOXH� LW LV ZRUWK QRWLQJ
WKHUH LV DQ REYLRXV JUDGLHQW RQ WKH OLQHDU UHJUHV�
VLRQ OLQH IRU )LJXUH �� �������� ZKLFK VXJJHVWV D
ZHDN LQYHUVH UHODWLRQVKLS DV FRUDO KHDOWK GHFUHDVHV
ZKLOH 667 LQFUHDVHV DERYH ���� rC LQ &RUDO %HDFK�

��� (YDOXDWLRQ RI SURFHGXUH

8VXDOO\� ZKHQ VWXG\LQJ WKH HIIHFWV RI VHD WHPSHUD�
WXUH FKDQJHV RQ FRUDO KHDOWK� UHVHDUFKHUV FRQGXFW
H[SHULPHQWV LQ ODERUDWRU\ VHWWLQJV� DV GHPRQ�
VWUDWHG E\ 7KRPSVRQ ������� *XDQ HW DO� �������
-RNLHO ������� 7KLV DOORZV IRU WKH LVRODWLRQ RI WKH
LQGHSHQGHQW YDULDEOH� XQOLNH LQ VLWX VWXGLHV� ZKLFK
KDG XQFRQWUROODEOH FRQIRXQGLQJ YDULDEOHV� +RZ�

��



HYHU� PRQLWRULQJ UHDO�OLIH VLWXDWLRQV LV D UHDOLVWLF
DQG HVVHQWLDO PHDVXUH�

0LGGOHEURRN HW DO� ������� UHSRUWHG WKDW EOHDFK�
LQJ FDQ RFFXU ZLWKLQ WKH VSDQ RI � GD\V �LI ZD�
WHUV DUH KHDWHG WR �� rC�� 7KHUHIRUH� FROOHFWLQJ
667 GDWD RQFH SHU PRQWK LV QRW UHSUHVHQWDWLYH RI
DQ\ VXGGHQ DQRPDOLHV RU ˌXFWXDWLRQV WKDW FRXOG
RFFXU ZLWKLQ D GD\� DQG WKH XVH RI D PRQWKO\ DY�
HUDJH ZRXOG DOVR VPRRWK RXW H[WUHPH DQG GUDVWLF
WHPSHUDWXUH YDULDWLRQV RFFXUULQJ ZLWKLQ GD\V� RU
KRXUV�

7KRPSVRQ ������ KDV GHPRQVWUDWHG WKDW GLIIHUHQW
VSHFLHV RI FRUDOV �PRVW FRPPRQO\ IRXQG LQ +RQJ
.RQJ� KDYH GLIIHUHQW RSWLPXP WKHUPDO UDQJHV�
WKH DPRXQW RI WLPH VSHQW RXWVLGH WKHLU RSWLPXP
UDQJHV DIIHFWV FRUDO KHDOWK� DQG WROHUDWH GLIIHU�
HQW OHYHOV RI H[SRVXUH WR KHDW VWUHVV �7KRPSVRQ�
������ :KHQ FRQGXFWLQJ WKH OLQH WUDQVHFW� WKH
W\SH RI FRUDO �EUDQFKLQJ� ERXOGHU� SODWH RU VRIW� ZDV
UHFRUGHG DV DQ REVHUYDWLRQ� EXW ZDV QRW XVHG DV
SDUW RI WKH GDWD DQDO\VLV� 7KH WUDQVHFW OLQHV DUH QRW
ˋ[HG� VR HDFK GLYH ZLOO VDPSOH GLIIHUHQW SURSRU�
WLRQV RI GLIIHUHQW FRUDO VSHFLHV� ZKLFK KDYH YDU\LQJ
OHYHOV RI WROHUDQFH WR WKHUPDO VWUHVV� WKXV DIIHFWLQJ
WKH RYHUDOO FRUDO UHHI KHDOWK �&$ YDOXH��

7KH XVH RI D OLQH WUDQVHFW VXUYH\ HQVXUHV WKDW QR
VDPH FRUDO LV VDPSOHG PRUH WKDQ RQFH� +RZHYHU�
HYHQ ZLWK WKH XVH RI DQ H[DFW *36 FRRUGLQDWH� WKH
ORFDWLRQZKHUH WKH OLQH WUDQVHFW LV SODFHG YDULHV IRU
HDFK GLYH� 7KHUHIRUH� GLIIHUHQW VHFWLRQV RI WKH UHHI
DUH VDPSOHG IRU HDFK GLYH� ZKLFKPD\ LQFOXGH YDU\�
LQJ GHJUHHV RI FRUDO KHDOWK DQG FRUDO VSHFLHV SUR�
SRUWLRQV�

� &RQFOXVLRQ

7KLV H[SORUDWLRQ DLPHG WR LQYHVWLJDWH KRZ 667
FKDQJHV DERYH FRUDO WROHUDQFH UDQJHV ZRXOG DIIHFW
FRUDO KHDOWK LQ +RL +D :DQ� IURP ���������� 7KH
VWXG\ LV OLPLWHG E\ WKH ODFN RI GHWDLOHG LQIRUPDWLRQ
RQ VKRUW�WHUP 667 ˌXFWXDWLRQV� DQG WKH LQDFFX�
UDF\ LQ WKH FRUDO VDPSOLQJ PHWKRG IRU PRQLWRULQJ
FRUDO KHDOWK� :KLOVW WKLV VWXG\ GLG QRW FRQˋUP WKDW
WHPSHUDWXUH ULVHV LQGXFH FRUDO EOHDFKLQJ HYHQWV� LW
LOOXVWUDWHG WKDW FRUDO KHDOWK ˌXFWXDWHV ZLWK DQQXDO
667 YDULDWLRQV� 7KH OLQHDU UHJUHVVLRQ OLQH LQ )LJ�
XUH �� VXEVWDQWLDWHV WKH K\SRWKHVLV �H1� E\ VKRZ�

LQJ D ZHDN LQYHUVH UHODWLRQVKLS ZKHUH FRUDO KHDOWK
GHFOLQHV DV PRQWKO\ 667 LQFUHDVHV DERYH WKH RSWL�
PXP WKHUPDO OLPLW�

:KLOH FRUDO EOHDFKLQJ LV FDXVHG E\ PXOWLSOH IDF�
WRUV� WKH UHODWLRQVKLS EHWZHHQ WHPSHUDWXUH DQG
FRUDO KHDOWK KDV EHHQ HVWDEOLVKHG� FRUDO EOHDFKLQJ
LV WULJJHUHG ZKHQ WKHUH DUH ��� rC DERYH�DYHUDJH
667 DQRPDOLHV �0DUVKDOO HW DO�� ������ 667 GDWD
FROOHFWHG RQFH SHU PRQWK FDQQRW UHˌHFW WKH 667
ˌXFWXDWLRQV WKDW FRXOG RFFXU LQ WKH VSDQ RI D IHZ
KRXUV RU GD\V� 7KH SUHFLVH PHFKDQLVP RI FKDQJHV
LQ VKRUW�WHUP 667 RQ FRUDO KHDOWK� VSHFLˋFDOO\ IRU
FRUDOV LQ +RL +D :DQ UHPDLQV WR EH HOXFLGDWHG�
0RUH IUHTXHQW GDWD FROOHFWLRQ RQ 667 ˌXFWXDWLRQV
ZRXOG HVWDEOLVK D JUHDWHU GHJUHH RI DFFXUDF\� &RO�
OHFWLRQ RI KRXUO\ 667 GDWD� E\ LQ VLWX GDWD ORJ�
JHUV� FDQ EH XVHG WR LGHQWLI\ DQG HVWDEOLVK WKH
FDXVHV RI FRUDO EOHDFKLQJ LQFLGHQWV� RU HYHQ LGHQ�
WLI\ FRUDO DFFOLPDWL]DWLRQ DQG DGDSWDWLRQV WR ZLWK�
VWDQG WHPSHUDWXUH FKDQJHV RXWVLGH WKHLU WHPSHU�
DWXUH WROHUDQFH UDQJH �'DYLG HW DO�� ������

,QFUHDVHG SDUWLFLSDWLRQ IURP UHFUHDWLRQDO GLYHUV
DQG FLWL]HQ VFLHQWLVWV FRXOG EH HQFRXUDJHG IRU
JUHDWHU DPRXQWV RI FRUDO KHDOWK GDWD� 3HUPD�
QHQW WUDQVHFWV FRXOG EH XVHG DV D GDWD FROOHFWLRQ
PHWKRG WR LQFOXGH VXIˋFLHQW DPRXQWV RI GLIIHUHQW
FRUDO VSHFLHV WR VWXG\ WKHLU GLIIHUHQW UHVSRQVHV WR
WKHUPDO VWUHVV DQG ZRXOG DOORZ IRU WKH PRQLWRULQJ
RI WKH VDPH FRUDOV RYHU WLPH �6DOPRQG HW DO�� ������

,I JOREDO DQG ORFDO WKUHDWV WR FRUDOV DUH OHIW
XQFKHFNHG� LW FRXOG UHVXOW LQ PDVV FRUDO PRUWDO�
LW\ LQ WKH IXWXUH ZLWK KXJH LPSDFW RQ ELRGLYHUVH
HFRV\VWHPV DIIHFWLQJ HQRUPRXV RFHDQ OLIH DQG WKH
KXPDQ UDFH� $V UHHIV LQ +RQJ .RQJ VXUYLYH DPRQJ
WKH KLJKHVW 667 UDQJH LQ WKH ZRUOG DQG DUH PRUH
VWUHVV�UHVLVWDQW WKDQ FRUDOV LQ WURSLFDO FOLPDWHV
�*RRGNLQ HW DO�� ������ FRUDOV IURP +RQJ .RQJ DUH
DQ H[FHOOHQW PRGHO IRU VWXG\LQJ KRZ FRUDOV FRSH
ZLWK WKH FKDQJHV LQ FOLPDWH�

��



5HIHUHQFHV

%UDGEHHU� 5�� +RGJVRQ� 3�� .X� .� .�� /DP� .�� <H�
XQJ� /� )�� 	 =KDQ� &� -� ������� 7RZDUGV D
��GLPHQVLRQDO PRGHO RI +RL +D :DQ 0DULQH
3DUN� +RQJ .RQJ� 2&($16 ����� GRL� ��������
RFHDQV�������������

&KDQ� $�� 	 +RGJVRQ� 3� ������� ,PSURY�
LQJ 6WDNHKROGHU DQG $XWKRULW\ &RRSHUDWLRQ
$PRQJ &RDVWDO )LVKLQJ &RPPXQLWLHV 8VLQJ
3DVVLYH %ODVW 0RQLWRULQJ 'DWD� ���� 2&($16
� 076�,((( .REH 7HFKQR�2FHDQV �272�� GRL�
��������RFHDQVNREH�������������

&KDQ� $� /�� &KRL� &� /�� 0F&RUU\� '�� &KDQ� .� .�� /HH�
0�� 	 3XW� $� ������� )LHOG *XLGH WR +DUG &RUDOV
RI +RQJ .RQJ� &RVPRV %RRNV DQG )ULHQGV RI WKH
&RXQWU\ 3DUNV�

&RSH� 0� ������� 6HDVRQDO� GLHO DQG WLGDO K\GUR�
JUDSKLF SDWWHUQV� ZLWK SDUWLFXODU UHIHUHQFH WR
GLVVROYHG R[\JHQ� DERYH D FRUDO FRPPXQLW\ DW
+RL +D:DQ� +RQJ .RQJ� $VLDQ0DULQH %LRORJ\�
�� ������

&RSH� 0�� 	 0RUWRQ� %� ������� 7KH 6FOHUDFWLQLDQ
&RUDO &RPPXQLW\ $W +RL +D :DQ� +RQJ .RQJ�
$VLDQ 0DULQH %LRORJ\� �� ������

&RUQLVK� $� ������� 'LDGHPD 6HD 8UFKLQV DQG
WKH %ODFN�6SRW 7XVNˋVK� 'HSDUWPHQW RI
(FRORJ\ DQG %LRGLYHUVLW\� WKH 8QLYHUVLW\ RI
+RQJ .RQJ� 5HWULHYHG � 6HSWHPEHU� �����
IURP KWWSV���ZZZ�ELRVFK�KNX�KN�HFRORJ\�
SRUFXSLQH�SRU������YHUW�XUFKLQ�KWP

'DYLG� $�� $WNLQVRQ� $�� )HHOH\� 0�� 0LOOHU� -�� 3DWWHU�
VRQ� -�� 5LFKWHU� /�� Ȫ:LWFKHU� %� ������� &RUDO
5HHI (FRV\VWHP :DWHU 7HPSHUDWXUH 0RQLWRULQJ
3URWRFRO� 1DWLRQDO 3DUN 6HUYLFH�

(QYLURQPHQWDO 3URWHFWLRQ 'HSDUWPHQW� ������� 0D�
ULQH :DWHU 4XDOLW\ 0RQLWRULQJ 'DWD� (QYLURQ�
PHQWDO 3URWHFWLRQ 'HSDUWPHQW� 5HWULHYHG �
6HSWHPEHU� ����� IURP KWWSV���FG�HSLF�HSG�JRY
�KN�(3,&5,9(5�PDULQH�

*RRGNLQ� 1� )�� 6ZLW]HU� $� '�� 0F&RUU\� '�� 'H�
9DQWLHU� /�� 7UXH� -� '�� +XJKHQ� .� $�� Ȫ <DQJ�
7� 7� ������� &RUDO FRPPXQLWLHV RI +RQJ
.RQJ� ORQJ�OLYHG FRUDOV LQ D PDUJLQDO UHHI HQ�
YLURQPHQW�0DULQH (FRORJ\ 3URJUHVV 6HULHV� ����
���ȟ����

*XDQ� <�� +RKQ� 6�� 	 0HULFR� $� ������� 6XLW�
DEOH (QYLURQPHQWDO 5DQJHV IRU 3RWHQWLDO &RUDO
5HHI +DELWDWV LQ WKH 7URSLFDO 2FHDQ� 3/26
21(� ��� H�������� GRL� ��������MRXUQDO�SRQH
��������

+RHJK�*XOGEHUJ� 2�� 	 /RXJK� -� ������� &OL�
PDWH FKDQJH DQG FRUDO EOHDFKLQJ� $XVWUDOLDQ
$FDGHP\ RI 6FLHQFH� 5HWULHYHG � 6HSWHP�
EHU� ����� IURP KWWSV���ZZZ�VFLHQFH�RUJ�DX�

FXULRXV�FRUDO�EOHDFKLQJ
+RHJK�*XOGEHUJ� 2�� 3HQGOHWRQ� /�� 	 .DXS� $�

������� 3HRSOH DQG WKH FKDQJLQJ QDWXUH RI
FRUDO UHHIV� 5HJLRQDO 6WXGLHV LQ 0DULQH 6FLHQFH�
��� ������� GRL� ��������M�UVPD������������

+ROODQG� *� -� ������� 3UHGLFWLQJ (O 1L³RȢV
,PSDFWV� 6FLHQFH� ���� ��ȟ��� KWWSV���
VFLHQFH�VFLHQFHPDJ�RUJ�FRQWHQW����������
���IXOO"UVV � GRL� ��������VFLHQFH��������

+RQJ .RQJ 2EVHUYDWRU\� ������� 0RQWKO\ 0HDQ 6HD
7HPSHUDWXUH �r&� �D�P�� DW 1RUWK 3RLQW� +RQJ
.RQJ 2EVHUYDWRU\� 5HWULHYHG � 6HSWHPEHU�
����� IURP KWWS���ZZZ�KNR�JRY�KN�HQ�FLV�
PRQWKO\(OHPHQW�KWP"HOH 6($7(03B13B$0
�

-RNLHO� 3� /� ������� 7HPSHUDWXUH 6WUHVV DQG &RUDO
%OHDFKLQJ� &RUDO +HDOWK DQG 'LVHDVH� ��������
GRL� �������������������������B��

/DP� .�� 6KLQ� 3� .� 6�� 	 +RGJVRQ� 3� ������� 6HYHUH
ELRHURVLRQ FDXVHG E\ DQ RXWEUHDN RI FRUDOOLYR�
URXV 'UXSHOOD DQG 'LDGHPD DW +RL +D:DQ0D�
ULQH 3DUN� +RQJ.RQJ� &RUDO 5HHIV� ��� ��������
GRL� ��������V����������������

0DUVKDOO� 3�� 6FKXWWHQEHUJ� +�� :HVW� -�� 	 *UHDW %DU�
ULHU 5HHI 0DULQH 3DUN $XWKRULW\� ������� $ UHHI
PDQDJHUȢV JXLGH WR FRUDO EOHDFKLQJ� *UHDW %DU�
ULHU 5HHI 0DULQH 3DUN $XWKRULW\�

0LGGOHEURRN� 5�� +RHJK�*XOGEHUJ� 2�� 	 /HJJDW� :�
������� 7KH HIIHFW RI WKHUPDO KLVWRU\ RQ WKH
VXVFHSWLELOLW\ RI UHHI�EXLOGLQJ FRUDOV WR WKHU�
PDO VWUHVV� -RXUQDO RI ([SHULPHQWDO %LRORJ\� ����
���������� GRL� ��������MHE�������

2UORZVNL� -�� 	 5KRGHV� /� ������� &KDVLQJ
&RUDO� 5HWULHYHG ����������� IURP KWWSV���
ZZZ�\RXWXEH�FRP�ZDWFK"Y D**%*FMGM;$

6DOPRQG� -�� /RGHU� -�� 5RHOIVHPD� &�� 	 3DVVHQJHU�
-� ������� 5HHI &KHFN $XVWUDOLD ���� +HURQ 5HHI
+HDOWK 5HSRUW� 5HHI &KHFN $XVWUDOLD�

6FKPLGW� &� :� ������� ,Q +RW :DWHU� *OREDO :DUP�
LQJ 7DNHV D 7ROO RQ &RUDO 5HHIV� (QYLURQPHQWDO
+HDOWK 3HUVSHFWLYHV� ���� GRL� ��������HKS����
�D���

7DPHODQGHU� -� ������� &RUDO 5HHIV � 9DOXDEOH EXW
9XOQHUDEOH� 8QLWHG 1DWLRQV (QYLURQPHQW 3UR�
JUDPPH� 5HWULHYHG � 6HSWHPEHU� ����� IURP
KWWS���FRUDO�XQHS�FK�&RUDOB5HHIV�KWPO

7KRPSVRQ� 3� '� ������� 3K\VLRORJLFDO UH�
VSRQVHV WR VHDVRQDOLW\ LQ ˋYH VSHFLHV RI VXEWURS�
LFDO FRUDO �'RFWRUDO GLVVHUWDWLRQ�� 5HWULHYHG
����������� IURP KWWSV���KXE�KNX�KN�KDQGOH�
������������

7KRUQKLOO� '� ������� (FRORJLFDO ,PSDFWV DQG 3UDFWLFHV
RI WKH &RUDO 5HHI :LOGOLIH 7UDGH� 'HIHQGHUV RI
:LOGOLIH�

8QLWHG 1DWLRQV HW DO� ������� *HR �� *OREDO (QYL�
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URQPHQW 2XWORRN� (QYLURQPHQW IRU WKH IXWXUH ZH
ZDQW� 8QLWHG 1DWLRQV (QYLURQPHQW 3URJUDP�

9HURQ� -�� 6WDIIRUG�6PLWK� 0�� 7XUDN� (�� 	 'H�
9DQWLHU� /� ������� &RUDO VWUXFWXUH DQG
JURZWK� 5HWULHYHG � 6HSWHPEHU� �����
IURP KWWS���ZZZ�FRUDOVRIWKHZRUOG�RUJ�SDJH�
VWUXFWXUH�DQG�JURZWK�

:RQJ� $� ������� �� \HDUV RI 0DULQH :DWHU 4XDOLW\
0RQLWRULQJ LQ +RQJ .RQJ� (QYLURQPHQWDO
3URWHFWLRQ 'HSDUWPHQW� 5HWULHYHG � 6HSWHP�
EHU� ����� IURP KWWSV���ZZZ�HSG�JRY�KN�
HSG�PLVF�PDULQHBTXDOLW\�����������HQJ�
��BGHYHORSPHQWBPHQX�KWP

��



A�study�on�the�relationship�between�the�Folour�and�Pass�of�selected�Pain�
Vequence�Vtars

Candace�Yan�Yue�Chung� Ꞗ姒橭

1 Research Question

How is the mass and colour of selected main se-
quence stars related?

2 Introduction

The mass of a star determines the star’s tem-
perature, luminosity, stability, and gravity, all of
which are important indicators of the evolution
of a star (Torres HW DO., 2009). As it is impossi-
ble to directly measure the mass of the star, sci-
entists must innovate different methods to indi-
rectly measure stellar mass. Even though numer-
ous methods used to measure stellar mass, such as
the velocity method (Kepler, 1968), involve the ob-
servation in the change of the star’s colours, there
is no equation in the textbook that directly relates
the wavelength of the star’s colour to the stellar
mass. Therefore, I decided to derive the colour-
mass relationship for stars and verify its accuracy.

3 Background

3.1 Main Sequence Stars

Main-sequence stars are stars that are powered by
hydrogen fusion (Unsöld & Baschek, 1983). On the
H-R diagram, which is a diagram where the wave-
length of light emitted by stars are plotted against
their luminosity, the main sequence stars appear
on the diagram as a distinct band (Russel, 1914).

3.2 Important formulae and relation-
ships

3.2.1 Colour and temperature

The relationship between the colour and temper-
ature of a star can be described using Wien’s dis-
placement law (1) , where λmax is the wavelength

of peak radiation emission of the star in metres, b
is the Wien constant 2.9 × 10−3 mK, and T is the
temperature in Kelvin. This formula shows that
the wavelength of the colour of a star is inversely
proportional to its temperature.

λmax =
b

T
(1)

3.2.2 Luminosity and temperature:

The Stefan-Boltzmann law (2) describes the rela-
tionship between the luminosity and temperature
of a star, where L is the luminosity of a body, e is
the emissivity of the body which equals 1 for black
bodies and stars, σ is the Stefan-Boltzmann con-
stant (5.76× 10−8Wm−2K−4), and A is the surface
area of the body. This law shows that luminosity
of the star is related to temperature raised to the
fourth power.

L = eσAT 4 (2)

3.2.3 Mass and luminosity:

The more massive a star is, the greater its gravity.
As a result, stars would need to produce greater
radiation pressure to support the star and pre-
vent it from collapsing into itself (Salaris & Cas-
sisi, 2008). Even though this source is published in
2008, this is one of the most recent papers about
the mass-luminosity relationships, which means
that the information this source provides should
still be accurate. Although in general the mass
of a star is related to its luminosity, the specifi
mass-luminosity relationship differs according to
different mass ranges (Duric, 2004). In the IB
physics textbooks, the mass-luminosity relation-
ship is stated as follows (Tsokos, 2014):

L∗
L#

= (
M∗
M#

)3.5 (3)
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However, (3) only applies to main-sequence stars
2 to 55 times the mass of the sun (Lecchini, 2007).
For main-sequence stars 0.43 to 2 times the mass
of the sun, the mass-luminosity relationship is (4),
where L∗ is the luminosity of a star, M∗ is the mass
of a star, L" is the luminosity of the sun, and M"

is the mass of the sun (Salaris & Cassisi, 2008).

L∗
L"

= (
M∗
M"

)4 (4)

3.3 Common methods used to indirectly
measure stellar mass

Fig. 1. Diagram of two stars orbiting each other in a
binary star system (Gowdy, 2009)

Binary star systems are systems where two stars
orbit each other around a centre of mass (Fig. 1)).
If the star exists in a binary/multi-star system, the
star’s velocity can be used to calculate their stel-
lar mass (Kepler, 1968). As stars orbit each other,
the wavelengths of the radiation emitted by the
stars will change from being separate wavelengths
to being a single superimposed wavelength, de-
pending on their positions. From these changes in
wavelengths, the Doppler shift in the stars’ veloci-
ties can be observed, and the stellar masses can be
calculated using Kepler’s third law (5), where t is
the orbital period of stars, a is the semi-major axis
of the star’s orbit, G is the gravitational constant
6.67 · 10−11 N, M1 is the mass of the more massive
object, and M2 is the mass of the less massive ob-
ject (Kepler, 1968).

t2 =
4π2a2

G(M1 +M2)
(5)

4 Colour-mass relationship
derivation

4.1 Colour-mass relationship derivation
assumptions

1. Stars are in main-sequence

2. Stars are spherical masses to allow for easier
approximation of the star’s surface area

3. Stars are emitting light at the wavelength of
peak radiation emission λmax

4. Radiant energy is absorbed and released at the
same rate

5. Stars radiate energy characteristic of the tem-
perature

6. Stars behave like perfect black bodies (emis-
sivity equals 1)

As the mass-luminosity relationship is different
for stars between 2 to 55 times the mass of the sun
and for stars between 0.43 to 2 times the mass of
the sun, the colour-mass relationship derivations
should be separated into these two categories.

4.2 For stars with masses between 2 to 55
times the mass of the sun

Rearrange the mass-luminosity formula (3) so L∗

is the subject

L∗ = L"(
M∗
M"

)3.5 (6)

Substitute the above formula into the Stefan-
Boltzmann law (2)

L"(
M∗
M"

)3.5 = eσAT 4 (7)

Rearrange Wien’s displacement law (1) so T is the
subject

T =
b

λmax
(8)

Substitute (8) back into (7) and replace A in (7)
with surface area of a sphere (A = 4πr2)

L"(
M∗
M"

)3.5 = 4πr2eσ(
b

λmax
)4 (9)
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Isolate M∗ and take into account e = 1 for stars

M∗ =
3.5

√

4πr2σ(
M"

3.5

L"
)(

b

λmax
)4 (10)

From this derivation, it can be concluded that for
stars with a mass between 2 to 55 times that of the
sun, M∗ ∝ λmax

− 4
3.5 .

4.3 For stars with masses between 0.43 to
2 times the mass of the sun

Repeat the derivation for stars with masses be-
tween 0.43 to 2 times the mass of the sun but in-
stead, start with the mass-luminosity formula (4).
Doing so produces the following expression:

M∗ =
4

√

4πr2σ(
M"

4

L"
)(

b

λmax
)4 (11)

From this derivation, it can be concluded that for
stars with a mass between 0.43 to 2 times the mass
of the sun, stellar mass should also be inversely
proportional to its wavelength of colour emitted.

5 Variables for analysis

As the derived formulas involve three variables
(stellar mass, stellar radius, and wavelength of
colour), the radius and wavelength will be com-
bined as one variable to simplify analysis.

5.1 For stars with masses between 2 to 55
times the mass of the sun

The colour-mass relationship for stellar masses
between 2-55 times the mass of the sun is (10):

M∗ =
3.5

√

4πr2σ(
M"

3.5

L"
)(

b

λmax
)4 (12)

The colour-mass relationship can then be rear-
ranged as so:

M∗ =
3.5

√

4πσ
M"

3.5

L"
b4 × 3.5

√
r2

λmax
4 (13)

The combined variable will then be this:

3.5

√
r2

λmax
4 (14)

Therefore, M∗ should be directly proportional

to 3.5

√
r2

λmax
4 . As 3.5

√
4πσM!3.5

L!
b4 is a constant,

the mathematical structure of (13) implies that

3.5

√
4πσM!3.5

L!
b4 acts as the slope of (13).

5.2 For stars with masses between 0.43 to
2 times the mass of the sun

The colour-mass relationship for stellar masses
between 0.43-2 times the mass of the sun is (11):

M∗ =
4

√

4πr2σ(
M"

4

L"
)(

b

λmax
)4 (15)

The colour-mass relationship can then be rear-
ranged as so:

M∗ =
4

√

4πσ
M"

4

L"
b4 ×

√
r

λmax
(16)

The combined variable will then be this:
√
r

λmax
(17)

Therefore, M∗ should be directly proportional to
√
r

λmax
. As 4

√
4πσM!4

L!
b4 is a constant, the mathe-

matical structure of (16) implies that 4

√
4πσM!4

L!
b4

acts as the slope of (16).

6 Methodology

6.1 Database selection

6.1.1 Mass and radii values

As stellar mass is indirectly measured, many stel-
lar databases do not include the mass and radii val-
ues of stars. Torres’ database was selected not only
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because of the meticulous verificatio of the ac-
curacy of mass and radii values through the sys-
tematic recomputation of these values but also the
inclusion of absolute uncertainty values for mass,
which is not included in many other databases.

6.1.2 Miscellaneous stellar data

The HYG Database was selected for the source of
other data values because it has a large collection
of stars (119615 stars in total) and a wide variety
of detailed information such as the B-V colour in-
dices (Nash, 2006) of stars, which is information
that is required to substitute into the colour-mass
model.

6.2 Star selection

6.2.1 Star selection criteria

1. Stars have to appear in both datasets (so no
star has any missing data and to allow for eas-
ier comparison with the database mass values
for the evaluation of the methods)

2. Stars have to be main-sequence stars (so the
formulas used are applicable to them)

As there were more stars in the HYG database, the
stars present in Torres’ database were searched in
the HYG database to see which stars are present
in both databases. Afterwards, the stars had to be
confirme to be main-sequence stars. This is im-
portant as all the existing formulas only apply to
stars in the main-sequence.

6.2.2 Main-sequence star verificatio

Conversion from the colour index (B-V index)
to wavelength

The B-V colour index is a number that describes
the colour of an object (Dintsios, Artemi, & Po-
latoglou, 2018). The more negative the B-V colour
index value is, the shorter the wavelength of light
the star emits (Dintsios et al., 2018). For example,
Star HD 86118 has a B-V index of -0.173, indicat-
ing that it is emitting light with a wavelength of
approximately 224 nanometers (Nash, 2006). As
the information regarding the wavelength of light
emitted by each star is in the form of B-V colour in-
dices, the B-V colour indices need to be converted

to wavelength for ease of graphing the HR diagram
and performing other calculations. The following
formula converts the B-V colour index to temper-
ature (K), where IB−V represents the index value
(Dintsios et al., 2018):

T = 4600(
1

0.92(IB−V ) + 1.7
+

1

0.92(IB−V ) + 0.62
)

(18)

Substitute the rearranged Wien’s displacement
law with T as the subject (8) into (18) and rear-
range so λmax is the subject

λmax =
2.9× 10−3

4600( 1
0.92(IB−V )+1.7 + 1

0.92(IB−V )+0.62)

(19)

After converting the B-V index to wavelength,
the wavelength of light emitted by each star was
graphed against the luminosity values of the stars,
in which the scale of the luminosities is on a log-
arithmic scale. As seen from Fig. 2, mass values
of all the stars approximately lie in a straight, dis-
tinct band, indicating that they can be assumed to
be main-sequence stars. Of the 119710 stars avail-
able in both databases, 31 stars fulfille both cri-
teria.

Fig. 2. H-R diagram of the 31 stars included in the
study

7 Data Processing

7.1 Calculating mass using colour-mass
models

In order to graph the colour-mass relationship
against the database mass values, the stellar mass
needs to be calculated using the colour-mass mod-
els. Since the mass-luminosity relationship varies
between different mass ranges, it is worthwhile to
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compute the mass values of all the stars using both
variations of the colour-mass formula.

Star HD165921 sample calculation (using the
formula for masses between 0.43 to 2 times the
mass of the sun)

M∗ =
4
√

4π(4.265× 109)2σ(
M"
4
√
L"

)(
b

3.138× 10−7
)

(20)
M∗ = 1.294× 1027 kg (21)

Data

Table 1. Calculated using the formula for masses be-
tween 0.43 to 2 times the mass of the sun, firs 3 values
displayed as examples.

Star HD165921 sample calculation (using the
formula for masses between 2 to 55 times the
mass of the sun)

M∗ =
3.5

√

4π(4.265× 109)2σ(
M"

3.5

L"
)(

b

3.138× 10−7
)4

(22)
M∗ = 9.658× 1030 kg (23)

Data

Table 2. Calculated using the formula for masses be-
tween 2 to 55 times the mass of the sun, firs 3 values
displayed as examples.

7.2 Measuring uncertainty

7.2.1 Wavelength relative uncertainty

As the HYG database doesn’t provide wavelength
values but rather uses the B-V colour index, the
measurement uncertainty values for wavelength
will be derived from the wavelength to B-V colour

index equation (19). As (19) shows the B-V colour
index in a fraction, the measurement uncertainty
for the wavelength of colour could be approxi-
mated as following:

∆λmax

λmax
=

∆IB−V

IB−V
+

∆IB−V

IB−V
(24)

∆λmax

λmax
= 2

∆IB−V

IB−V
(25)

Since the B-V colour index listed in the HYG
database does not include measurement uncer-
tainty, the measurement uncertainty in the B-V
colour index will be assumed to be half of the last
significan figure As the B-V colour index is pro-
vided up to 3 decimal places in the database, the
absolute uncertainty is ± 0.0005. Additionally, as
the B-V colour index allows for negative values,
the colour index values used in uncertainty calcu-
lations will be its absolute value.

Star HD165921 sample calculation

∆IB−V

IB−V
=

0.0005

0.0790
(26)

∆IB−V

IB−V
= 6.329× 10−3 (27)

∆λmax

λmax
= 2× 6.329× 10−3 (28)

∆λmax

λmax
= 1.266× 10−2 (29)

Data

Table 3. First 3 values displayed as examples.

7.2.2 Radius relative uncertainty

The absolute uncertainty values for stellar ra-
dius are listed up to 3 decimal places in Torres’
database. However, the radii were given in solar
radii (Rsolar). Therefore, the units need to be con-
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verted from solar radius (Rsolar) to metres. The
unit conversion equation is as follows:

r = Rsolar × 696340× 103 (30)

After the conversion of units, the radius relative
uncertainty is simply ∆r

r .

Star HD165921 sample calculation

Absolute uncertainty unit conversion:

r = 0.060× 696340× 103 (31)

r = 4.178× 107 (32)

Radius unit conversion:

r = 6.13× 696340× 103 (33)

r = 4.265× 109 (34)

Radius relative uncertainty calculation:

∆r

r
=

4.178× 107

4.265× 109
(35)

∆r

r
= 9.796× 10−3 (36)

Data

Table 4. First 3 values displayed as examples.

7.2.3 Calculation of calculated mass uncer-
tainty from colour-mass relationship
(for the colour-mass relationship de-
scribing stars 2-55 times the mass of the
sun)

The colour-mass relationship for stellar masses
(M*) between 2-55 times the mass of the sun is
(10).

M∗ =
3.5

√

4πr2σ(
M"

3.5

L"
)(

b

λmax
)4 (37)

Assuming the mass and luminosity of the sun

Data

Table 5. First 3 values displayed as examples.

As seen from these calculations, the uncertainty
of the calculated mass values for the colour-mass
relationship for stars 2-55 times the mass of the
sun is very small, indicating that this colour-mass
relationship produces very precise calculated mass
values.

7.2.4 Calculation of calculated mass uncer-
tainty from colour-mass relationship
(for the colour-mass relationship de-
scribing stars 0.43-2 times the mass of
the sun)

The colour-mass relationship for stellar masses
between 0.43-2 times the mass of the sun is (11).

M∗ =
4

√

4πσ
M"

4

L"
b4 ×

√
r

λmax
(41)

Assuming the mass and luminosity of the sun
are constants, the calculated mass uncertainty de-
rived from (11) is as follows:

∆M∗
M∗

=
1

2

∆r

r
+

∆λmax

λmax
(42)

Star HD165921 sample calculation

∆M∗
M∗

=
1

2
× 9.796× 10−3 + 1.266× 10−2 (43)

∆M∗
M∗

= 1.756× 10−2 (44)

Data

As seen from these calculations, it is clear that the
colour-mass relationship describing stars 0.43-2
times the mass of the sun is also very small, indi-
cating that this colour-mass relationship produces
very precise calculated mass values.

104



Table 6. First 3 values displayed as examples.

7.2.5 Database stellar mass values uncer-
tainty:

Torres’ database stellar mass values (m∗) also in-
cludes absolute uncertainty in solar masses up to 3
decimal places (Msolar). Therefore, the units need
to be converted from solar masses (Msolar) to kg.
The unit conversion equation is as follows:

m∗ = Msolar × 1.989× 1030 (45)

Star HD165921 sample calculation

Absolute uncertainty unit conversion:

m∗ = 0.440× 1.989× 1030 (46)

m∗ = 8.752× 1029 (47)

Mass unit conversion:

r = 19.01× 1.989× 1030 (48)

r = 3.781× 1031 (49)

Mass relative uncertainty calculation:

∆m∗
m∗

=
8.752× 1029

3.781× 1031
(50)

∆m∗
m∗

= 2.315× 10−2 (51)

Data

Table 7. First 3 values displayed as examples.

8 Analysis

8.1 Computation of combined variables

The combined variables refer to (14) and (17).
These variables will be graphed on the x-axis of the
graphs.

8.1.1 For the colour-mass relationship de-
scribing stars 2-55 times the mass of the
sun

Star HD165921 sample calculation

3.5

√
r2

λmax
4 =

3.5

√
(4.265× 109)2

(3.138× 10−7)4
(52)

3.5

√
r2

λmax
4 = 8.616× 1012 (53)

Data

Table 8. First 3 values displayed as examples.

8.1.2 For the colour-mass relationship de-
scribing stars 0.43-2 times the mass of
the sun

Star HD165921 sample calculation

√
r

λmax
=

√
4.265× 109

3.1380× 10−7
(54)

√
r

λmax
= 2.081× 1011 (55)

Data

Table 9. First 3 values displayed as examples.
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8.2 Graphs

8.2.1 For the colour-mass relationship de-
scribing stars 2-55 times the mass of the
sun

Fig. 3. Graph comparing database mass values with the
model for stellar masses 2-55 times the mass of the sun
(including outlier)

Fig. 4. Graph comparing database mass values with the
model for stellar masses 2-55 times the mass of the sun
(without outlier)

The grey points represent database mass values
(Fig. 3 and 4). The grey trendline is the model
function (Fig. 3 and 4). The error bars in both
graphs are so small they are covered by the points
themselves (Fig. 3 and 4). In general, the points
display a positive linear trend. Stars with masses
between 1.856 × 1030 to 4.981 × 1030 kg generally
do not deviate from the function greatly, with stars
between 1.856×1030 to 2.721×1030 kg almost com-
pletely aligning with the function (Fig. 3 and 4).
The star with the mass 3.781×1031 kg is an obvious
outlier (Fig. 3). Despite the fact that the colour-
mass function is supposed to describe stars with
higher masses (2-55 times the mass of the sun),
the data points of stars with greater masses actu-
ally deviate from the function more.

8.2.2 For the colour-mass relationship de-
scribing stars 0.43-2 times the mass of
the sun

Fig. 5. Graph comparing database mass values with the
model for stellar masses 0.43-2 times the mass of the
sun (with outlier)

Fig. 6. Graph comparing database mass values with the
model for stellar masses 0.43-2 times the mass of the
sun (without outlier)

The red points represent database mass values
(Fig. 5 and 6). The red trendline represents the
model function (Fig. 5 and 6). The error bars can-
not be seen in the graph as they are so small they
are covered by the points themselves (Fig. 5 and
6). In general, the points display a positive lin-
ear trend between M∗ and the combined variable.
Stars with smaller mass values (1.858 × 1030 to
4.980 × 1030kg) lie closest to the model function.
However, none of the points lies on the model
function (Fig. 5 and 6). The star with the mass
3.781 × 1031 kg is an obvious outlier in the trend
(Fig. 5).

8.3 Measuring the quality of the model
(discrepancy)

The root mean square error value is selected to
quantitatively measure the discrepancy between
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the calculated mass values and the database mass
values because more weight is given to larger
errors (Chai & Draxler, 2014). This is impor-
tant since highly accurate stellar mass values are
needed to correctly predict a star’s evolution and
other properties such as stellar gravity (Torres HW
DO., 2009). Below is the formula for root mean
square error, where Erms represents the root mean
square error, Mpredicted is the calculated mass val-
ues using the colour-mass models, Mdatabase is the
database mass values, and n is the number of stars
in the sample:

Erms =

√√√√√
n∑

n=1
(Mpredicted −Mdatabase)2

n
(56)

8.3.1 For the colour-mass relationship de-
scribing stars 2-55 times the mass of the
sun

The root mean squared error of the calculated
mass values using the colour-mass relationship
describing stars 2-55 times the mass of the sun is
5.395× 1030 kg, which is around 2.7 solar masses.

8.3.2 For the colour-mass relationship de-
scribing stars 0.43-2 times the mass of
the sun

The root mean squared error of the calculated
mass values using the colour-mass relationship
describing stars 0.43-2 times the mass of the sun is
9.389× 1030 kg or approximately 4.7 solar masses.

9 Evaluation

9.1 Evaluation of results

9.1.1 Model for stars 2-55 times the mass of
the sun

As most database stellar mass values lie close
to/on the model function, the model is fairly ac-
curate (Fig. 3 and 4). The database stellar mass
values increases at a rate approximately equal to
the model’s slope, indicating that the slope of this

model ( 3.5

√
4πσM!3.5

L!
b4) is fairly accurate (Fig. 3

Fig. 7. Graph comparing database mass values with the
model for stellar masses 2-55 times the mass of the sun
using a logarithmic scale on the y-axis

and 4). Since a logarithmically scaled graph mag-
nifie smaller discrepancies between the actual
data and the model, Fig. 7 can be used to evalu-
ate the model’s accuracy. As the discrepancies be-
tween the actual data and model displayed in Fig.
7 are still relatively small, the model accurately
describes the database values. However, the root
mean square error of the model is 5.395× 1030 kg,
which is significantl greater than the masses of
over half of the stars in the sample. Albeit the high
root mean square error value, this value may be
deceptive since more weight is given to larger er-
rors, and removing the largest error would already
decrease the root mean square error to 1.912×1030

kg, which is almost 3 times less than the original
value.

9.1.2 Model for stars 0.43-2 times the mass of
the sun

Fig. 8. Graph comparing database mass values with the
model for stellar masses 0.43-2 times the mass of the
sun using a logarithmic scale on the y-axis

The graph comparing database values to the model
function demonstrates that the model consis-
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tently underpredicts stellar mass by three orders
of magnitude, indicating that the model is inaccu-
rate (Fig. 5 and 6). From Fig. 5 and 6, it is clear that
the database stellar mass values increases at a rate
drastically greater than the slope of the model’s
function, indicating that the slope of this model

( 4

√
4πσM!4

L!
b4) does not accurately describe the

actual data (Fig. 5 and 6). Since a logarithmically
scaled graph magnifie smaller discrepancies be-
tween the actual data and the model, Fig. 8 can
be used to evaluate the model’s accuracy. As the
discrepancies between the actual data and model
displayed in Fig. 8 are large, the model does not
accurately describe the actual mass values. Addi-
tionally, the root mean squared error value of the
model is 9.389×1030 kg, which is greater than most
of the stars in the sample. Albeit the high root
mean square error value, this value may be decep-
tive since more weight is given to larger errors, and
removing the two largest errors would already de-
crease the root mean square error to 5.931 × 1030

kg, which is slightly over half of the original value.

9.2 Evaluation of the applicability of the
models

These models directly relate the colour of the star
to the mass of the star and only rely on the addi-
tional parameter stellar radii, which makes them
easy to apply. However, these models come with
a potential caveat: prior knowledge about which
mass range the star is in may be needed. This
is because, during the derivation, I used mass-
luminosity relationships that apply to different
stellar mass classes, with both model functions
producing mass values that vary by 3 orders of
magnitude. Despite this, as evidenced by Fig.3,
the model derived from the mass-luminosity rela-
tionship for stars 2-55 times the mass of the sun
can describe stars in the 0.43-2 mass range as well.
Therefore, it could be possible that the model de-
rived from the mass-luminosity relationship for
stars 2-55 times the mass of the sun is simply more
accurate and thus more applicable than its coun-
terpart.

9.3 Evaluation of the databases

Although the HYG database has a large range
of data that is collected from numerous reliable
databases such as the Hipparcos and Yale Bright
Star Catalogue, this database also has question-
able reliability as the uncertainties of the mea-
surements are not included (Nash, 2006). If the
measurement error from the measurement equip-
ment is not known, there is a high chance that the
uncertainty of the values can be underestimated.
Additionally, since this database is compiled by
one person, there could be errors such as wrong
spectral class and Henry Draper numbers (Nash,
2006). This could cause inaccuracies in predicted
trend calculations, introducing systematic error.
Despite the limited sample size, Torres’ database
is valuable to the evaluation of the models since it
is much more accurate and reliable than the HYG
database as it not only used various other methods
to verify the accuracy of the mass and radii val-
ues, but also displayed uncertainties in measure-
ments, all of which were under 3% of the stellar
mass/radius.

9.4 Improvements

More databases (preferably ones that state uncer-
tainty or at least the instruments used to collect
the data) could be used to cross-check the data in
the HYG database to ensure the accuracy of the
data. Since all the stars that were involved in this
investigation were less than 20 times the mass of
the sun, stars from a broader range of mass classes
could be sampled to holistically evaluate the mod-
els’ accuracy. The uncertainty of constants such as
solar mass and luminosity which were assumed to
have no uncertainty to simplify calculations, could
be integrated into uncertainty calculations to pre-
vent the underestimation of uncertainty and com-
pute the uncertainty of the slope, allowing for a
more in-depth evaluation of the models’ accuracy.

10 Conclusion

Colour-mass relationships for stars based on the
mass-luminosity relationships between 2-55 and
0.43-2 times the mass of the sun were success-
fully derived. Calculated mass values were then
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compared to the database stellar mass values of
31 stars from Torres’ database (Torres HW DO., 2009).
Since both the regular and logarithmically scaled
graph show relatively small discrepancies between
the model for stars between 2-55 times the mass
of the sun and the database stellar mass values,
this model is accurate (Fig. 3 and 4). However, as
both the regular and logarithmically scaled graph
show large discrepancies between the model for
stars between 0.43-2 times the mass of the sun and
the database stellar mass values, this model does
not accurately describe the database stellar mass
values (Fig. 5 and 6).

11 Further Enquiry

An interesting investigation could be to investi-
gate the colour-mass relationships derived from
mass-luminosity relationships that describe more
extreme mass classes such as those that describe
stars less than 0.43 times the mass of the sun and
those that describe stars greater than 55 times the
mass of the sun. This could allow for more thor-
ough testing of the accuracy of using the colour-
mass relationship method to calculate the mass
of stars. A comparative study between different
methods of calculating stellar mass (e.g. compar-
ing the accuracy of using the star’s velocity to de-
rive mass with using the colour-mass relationship)
would also lend insight into whether the degree of
accuracy of the colour-mass relationships are ac-
ceptable or not.
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Proving�Fermat’s�theorem�on�the�sum�of�two�squares�by�elaborating�on�
Zagier’s�“Rne-Ventence”�proof

Lok�Tong�Coco�Yeung� 嘼垟⻎

Introduction

The Mathematics: Analysis and Approaches
course at higher level places an emphasis on in-
vestigating and developing a deep understand-
ing of mathematics (International Baccalaureate
Organization, 2019), and understanding proofs
is a large part of it. The proofs we learn in
the classroom are challenging but straightforward:
they take a while to conjecture, but the ideas are
straightforward. So, when I firs heard about the
”one-sentence proof” by the American-German
mathematician, Don Zagier, my interest was im-
mediately piqued.

Zagier’s ”one-sentence” proof proves Fermat’s
theorem on the sum of two squares using only
one sentence (Zagier, 1990). Pierre de Fermat was
a 17th century mathematician who contributed
greatly to the branch of Number Theory. Fermat
generated many theorems in his time, such as Fer-
mat’s little theorem, Fermat’s polygonal number
theorem, Fermat’s last theorem, HWF�, and he would
challenge his fellow mathematicians to solve them
through letter. But he is also known for not re-
vealing the proofs to his theorems. Fermat’s the-
orem on the sum of two squares took took mathe-
maticians a century to finall discover a proof, and
the fact that a mathematician can summarise the
proof in just one sentence greatly amused me.

I want to take this opportunity to explore and
appreciate sophisticated and concise proofs and
learn about different ways to go around proving
something. Pure maths and number theory fas-
cinate me because of how complex theories can
come from simple ideas. Through this explo-
ration, I wanted to see if I can succeed in under-
standing complex ideas and explaining them in

simple words.

Through this investigation, I will explain Zagier’s
“one-sentence” proof and present all ideas as sim-
ple explanations so that the proof is more ap-
proachable for myself and others, as I believe that
such brilliant ideas should be understood by non-
mathematicians who may be unable to understand
sophisticated mathematical terminology. In this
paper, I will guide myself and others through Za-
gier’s “one-sentence” proof, and in the end, un-
derstand the way Zagier approached this problem
and appreciate the complexity of this one sen-
tence.

1 Fermat’s Theorem on the Sum
of Two Squares

Every odd prime number, p, which gives a remain-
der of 1 when divided by 4 (L�H� congruent to 1 mod
4) can be expressed as:

p = x2 + y2

where x and y are natural numbers (Patel, 2017).

2 The First 15 Odd Prime Numbers

To start off the investigation, let us take a look at
some odd primes and whether or not they can be
expressed as the sum of two perfect squares.

As seen in the table above, the only odd prime
numbers which can be expressed as the sum of
two perfect squares are those that give a remain-
der of 1 when divided by 4 (for example: 5, 13, and
17). These examples demonstrate that the theo-
rem works for the firs 15 prime numbers, but does
not show that it will work for all odd primes con-
gruent to 1 mod 4, nor does it show that it will not
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Table 1. First 15 prime numbers.

work for all odd primes congruent to 3 mod 4.

3 Primes Congruent to 3 mod 4

Prime numbers that are congruent to 3 mod 4 can
not ever be made up of two squares. The proof for
this is simple.

In order for an odd prime number, P , to be made
up of two squares, one square must be odd and the
other must be even because an even number plus
an odd number makes up an odd number. This
means P can be re-written as

(2k)2 + (2m+ 1)2

where k and m are positive integers.

When the expression is expanded, we get

4k2 + 4m2 + 4m+ 1

which can be factorised to

4(k2 +m2 +m) + 1

which is an odd number congruent to 1 mod 4.

This proves why primes congruent to 3 mod 4 can
not be expressed as the sum of two prime num-
bers, and why any odd sum of two squares must be
congruent to 1 mod 4, but does not prove why all
odd primes congruent to 1 mod 4 can be expressed
this way. In order to prove Fermat’s theorem, we
will now move on to look at Don Zagier’s ”one-
sentence” proof.

4 Zagier’s “One-Sentence” Proof

Published in the 97th volume of The American
Mathematical Monthly in February of 1990, Don
Zagier’s proof for Fermat’s theorem on the sum of
two squares states:

The involution of the finit setS = {(x, y, z) ∈ N3 :

x2 + 4yz = p} define by

(x, y, z) "→






(x+ 2z, z, y − x− z) if x < y − z

(2y − x, y, x− y + z) if y − z < x < 2y

(x− 2y, x− y + z, y) if x > 2y

has exactly one fi ed point, so |S| is odd and the
involution define by (x, y, z) "→ (x, z, y) also has
a fi ed point (Zagier, 1990).

5 Breaking Down the Proof

Initially, Zagier’s proof looks intimidating because
there is a lot of complex mathematical language,
so I wanted to approach this proof in smaller sec-
tions. Zagier’s proof has three main sections: the
conditions, the piecewise function, and the con-
clusion.

The firs line of Zagier’s proof establishes the con-
ditions. Zagier establishes the set of solutions to
p = x + 4yz as the finit set S. So the set in-
cludes all the possible combinations of x, y, and z

for which makes the equation true. Values of x, y,
and z are contained in the set of natural numbers.

The piecewise function is an involutory function,
where a function is its own inverse and where ap-
plying this function twice will produce the original
value. So, when set S is put through this this in-
volutory function twice, the original set is derived.
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An example of an involutory function would be

f(x) =
−1

x
.

f(x) is an involutory function because putting x

through f(x) twice gives x again, which is the orig-
inal value:

f(f(x)) =
−1
−1
x

=
−x

−1
= x.

After definin the involution of the set S, Zagier
concludes that the ”fi ed point”, where the set de-
rived from applying the involutory function once
is the same as the original set.

6 Elaborating on the Proof

The proof, like the original theorem, assumes that
p is an odd prime number, and is trying to prove
that this odd prime number can be summed in two
squares and is congruent to 1 mod 4. The solu-
tions to set S all belong to the natural number se-
ries, meaning that there are no negatives or ze-
roes. This will be important to the later parts of
this proof.

Zagier’s proof centers around

p = x+ 4yz,

which is an expression that does not appear in the
original theorem. In the Fermat’s theorem, the ex-
pression

p = x+ y

is used instead. But, we know that the odd prime
must be made up of one odd square and one even
square (because odd plus even equals odd), so the
original expression can be re-written as

p = x+ (2y)

where x and y are both integers, which expands
into

p = x+ 4yy.

Zagier’s approach was to turn 4yy into the more
general form of 4yz, and then prove that there can
be a solution where y = z because that will make
a perfect square.

If y = z, then there must be an odd number of so-
lutions to (x, y, z) as different sets of solutions can
be paired up by swapping y and z. In this proof, we
want to fin the condition where there is an odd
number of solutions to set S. This will occur if the
involutory function can be applied to (x, y, z) once
to derive the same solution.

To further elaborate, two sources were refer-
enced. They are an essay titled ”The One-
Sentence Proof in Multiple Sentences” by Marcel
Moosbrugger (Moosbrugger, 2020) and a blog post
titled “One Sentence Proof” by user dmontealegre
(dmontealegre, 2012).

6.1 The Piecewise Function

There are three parts to the piecewise function
when definin the involution. When this invo-
lutory function is applied to set (x, y, z) twice,
(x, y, z) will be the result. To verify this, I will go
through each of the three conditions.

From this point forward, the set of solutions
(x, y, z) will be denoted as set U , and the set of
solutions derived when the involutory function is
applied to set U once will be denoted as set U ′, and
the set of solutions derived when the involutory
function is applied to set U twice will be denoted
as set U ′′.

The firs condition assumes that x is smaller than y

minus z. When the involutory function is applied
to a set U , the result yielded is

U ′ = (x+ 2z, z, y − x− z)

In order to put set U ′ through the involutory func-
tion again, we must firs fin the condition it satis-
fies Set U ′ satisfie the third condition, as substi-
tuting the variables in will give x+ 2z > 2z which
must hold true because both x and z are natural
numbers. Applying the involutory function to set
U ′ using the third condition will give

U ′′ = (x+ 2z − 2z, x+ 2z − z + y − x− z, z)

which simplifie to

U ′′ = (x, y, z)
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which is set U . This proves that this function is an
involution for all sets fittin in the firs condition.

The second condition assumes thatx is bigger than
y −−z but smaller than 2y and

U ′ = (2y − x, y, x− y + z).

U ′ also satisfie the second condition, as 2y − x is
bigger than y −−x+ y −−z, but smaller than 2y.
Applying the involutory function again gives

U ′′ = (2y−−2y+x, y, 2y−−x−−y+x−−y+ z).

This simplifie to the following, which is equal to
the set U .

U ′′ = (x, y, z)

The third condition assumes that x is bigger than
2y and

U ′ = (x− 2y, x− y + z, y)

U’ satisfie the firs condition because x − −2y is
smaller than x−−y + z −−y. Applying the invo-
lutory function to U ′ gives

U ′′ = (x− 2y + 2y, y, x− y + z − x+ 2y − y)

which also simplifie to the following, which is
equal to set U .

U ′′ = (x, y, z),

6.2 The Solution

We should remember that the point of this is to
prove that there is a solution where (x, y, z) turns
into (x, z, y) when passed through the involutory
function once, and there should be no change
to x. In the previous three paragraphs, we can
actually see that if the set of solutions fit the
firs condition, applying the function will always
make x greater, and if the set of solutions fit the
third condition, applying the function will make x

smaller. Thus, the only way x does not change is
if the original set satisfie second conditions.

When set U satisfie the second condition, U ′ is
(2y−−x, y, x−−y+z). Since we want to fin where
x stays the same, we need to investigate where 2y−
−x = x

2y − x = x

2y = 2x

y = x

This turns the equation

p = x+ 4yz

into
p = x+ 4xz,

which makes p divisible by x. However, since p is
a prime number, and x is a natural number, the
only thing x can be is p or 1. But, x can not be
p because that would make the right hand side of
the equation bigger than the left hand side because
the right hand side must be larger than p and thus
must be larger than p.

This makes
x = y = 1.

So,
p = 1 + 4(1)z

p− 1 = 4z

p− 1

4
= z

As z is a natural number, p minus 1 divided by 4
must a whole number. Therefore, all odd primes
congruent to 1 mod 4 will have an odd set of solu-
tions to

p = x2 + 4yz.

Thus, all odd primes that give a remainder of 1
when divided by 4 can be the summation of two
squares.

7 The Visualisation

Another way of explaining this proof is through
the ”windmill visualisation” (Mathologer). Let us
take a look at an example: the odd prime number
of 17.

Here are the different solutions to the set (x, y, z)
that gives p = 17.

(1, 1, 4), (1, 4, 1), (1, 2, 2), (3, 1, 2), (3, 2, 1)

They are solutions because

17 = x2 + 4yz
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Fig. 1. Adapted from the diagrams presented in Mathologer’s Youtube Video (Mathologer, 2020).

Fig. 2

and substituting the set into the equation above
equates the two sides of the equation:

(1)2 + 4(1)(4) = 1 + 16 = 17

(1)2 + 4(4)(1) = 1 + 16 = 17

(1)2 + 4(2)(2) = 1 + 16 = 17

(3)2 + 4(1)(2) = 9 + 8 = 17

(3)2 + 4(2)(1) = 9 + 8 = 17

As we can see, (1, 1, 4) can be paired up with
(1, 4, 1) and (3, 1, 2) can be paired up with (3, 2, 1).
The only solution that does not have a pair is
(1, 2, 2), because in this case, y is equal to z. So,
when there are an odd number of solutions, there
will be one solution where y is equal to z.

This is one way of pairing up the solutions. The
other way of pairing up the solutions is through
the visualisation of the sets of solutions in the for-
mation of windmills, where x is the side length of
the center square, and y and z are the side lengths
of the rectangles, the ”blades”, surrounding it.

Figure 1 depicts the fi e solutions in the visualised
as windmills.

We can see that they can pair up where each pair
has the same configuration but is a different set.

The only windmill that is unique is the one with a
1 by 1 square in the center.

Since x is the sidelength of the center square, we
know that x is equal to 1. y is also equal to 1
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because one of the side-lengths of the ”blade” is
1. Although there can be other cross formations
of windmills with bigger squares in its center, we
know this is impossible because x and y must be
divisible by p, but can not be larger than or equal
to p. Thus, the only cross formation that exists for
prime numbers is a windmill with a 1 by 1 square
in its center.

Once again, this will give us

p = 1 + 4(1)z

and thus
p− 1

4
= z

This visualisation of the proof shows us how the
only numbers that can have a unique square in the
center must be congruent to 1 mod 4.

The piecewise function actually define pairs of
windmills of the same structure but different set
values. Putting the set through the involutory
function once will give a new set that produces a
windmill of the same shape.

For example, if we take set U to equal (1, 4, 1), then
it satisfie the firs condition as 1 < 4−−1, and set
U ′ is equal to (3, 1, 2), which is shown in fi ure 2.

Moreover, the windmill with the 1 by 1 square in
its center fit the requirements of the second con-
dition of the piecewise function as 1−−4 < 1 < 2,
and is the set of solutions that is its own involu-
tion.

This visual proof also more clearly illustrates how
an odd prime will always produce an odd set of
solutions to S, and thus having a solution where
y = z.

Conclusion

Going into this proof, I knew it would be chal-
lenging to dissect. The mathematical terminol-
ogy is sophisticated and the proof is also non-
constructive, meaning that it does not give any
examples, it only proves that this theorem holds
true. However, once I understood the explanation

behind the proofs, I realised it was actually a pretty
simple idea, and though it looks confusing at first
to understand Zagier’s proof, the most challenging
maths you’ll need to know is addition and subtrac-
tion. This greatly contrasts with other proofs of
Fermat’s theorem on the sum of two squares like
the one derived by Euler which uses infinit de-
scent, or Lagrange’s proof which requires under-
standing integral quadratic forms. To me, these
methods are much more challenging then dissect-
ing what Zagier has presented in the proofs are
very conceptual and difficul to visualise, unlike
Zagier’s which can be easily visualised as shapes.

Through this exploration, I successfully elabo-
rated upon Zagier’s ”one-sentence” proof, both in
words, and in graphics, which allowed me to prove
Fermat’s theorem on the sum of two squares.

Zagier’s proof is a reminder for me to think out-
side the box and to think about complicated ideas
in a simple way. Understanding this proof has
given me a chance to extend my understanding
of proofs beyond the classroom, but also to apply
some of my pre-exsiting knowledge, including, but
not limited to, understanding piecewise functions
and set symbols. It has also given me a chance to
delve deeper into number theory and to think of
different ways to conjecture proofs, which may be
beneficia to me in my future studies in this math-
ematics course.
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+RZ HIIHFWLYH LV 2QOLQH /HDUQLQJ GXULQJ WKH &29,'��� SDQGHPLF�
DFFRUGLQJ WR VWXGHQWȢV SHUFHSWLRQV"

$QGUHZ 0LQJKDQ -LDQJ 谟僻

$EVWUDFW

7KLV SDSHU LQYHVWLJDWHV VWXGHQW SHUFHSWLRQV DQG DWWLWXGHV WRZDUGV H�OHDUQLQJ GXULQJ WKH LQLWLDO &29,'��� ORFNGRZQ
DW WKH ,QGHSHQGHQW 6FKRROV )RXQGDWLRQ �,6)� $FDGHP\� D SULYDWH VHFRQGDU\ VFKRRO LQ +RQJ .RQJ� $ VXUYH\ ZDV
DGPLQLVWHUHG WR �� VHFRQGDU\ VWXGHQWV LQ $SU � 0D\ RI ����� WR DVVHVV WKH GLIIHUHQW DVSHFWV RI H�OHDUQLQJ �6HOI�
HIˋFDF\� $FDGHPLF DFKLHYHPHQW� ,QWHUDFWLRQ� 0RWLYDWLRQ� $XWRQRP\� 'HYHORSPHQW RI VNLOOV� :RUNORDG� 7HFKQLFDO
V\VWHPV� 7HDFKLQJ PHWKRGV� DQG ,PSURYHPHQWV�� 2YHUDOO� VWXGHQWV VHOI�UHSRUWHG WKH DVSHFWV WR EH VDWLVIDFWRU\� UDW�
LQJ H�OHDUQLQJ RQ DYHUDJH ���� RXW RI �� KRZHYHU� ZKHQ FRPSDUHG WR WUDGLWLRQDO OHDUQLQJ� VWXGHQWV UDWHG H�OHDUQLQJ
DQ DYHUDJH RI ���� RXW RI �� ,W ZDV IRXQG WKDW ,QWHUDFWLRQ DQG 0RWLYDWLRQ ZHUH PRVW DIIHFWHG E\ WKH XQIDPLOLDU RQOLQH
PHGLXP�

,QWURGXFWLRQ

(�OHDUQLQJ �DOVR RQOLQH OHDUQLQJ� RULJLQDWHG LQ
WKH ODWH ��V RI WKH WZHQWLHWK FHQWXU\ LQ WKH
8QLWHG 6WDWHV� NQRZQ DV &RPSXWHU�%DVHG 7UDLQLQJ
�+XEDFNRYD� ����� S� ������ %\ ����� RYHU �� PLO�
OLRQ 86 FROOHJH VWXGHQWV ZHUH HQUROOHG LQ GHJUHH�
JUDQWLQJ FRXUVHV �$OOHQ 	 6HDPDQ� ������

7KH :RUOG +HDOWK 2UJDQL]DWLRQ �:+2� GHFODUHG
&29,'��� D JOREDO HPHUJHQF\ RQ -DQXDU\ ��WK�
���� DQG D JOREDO SDQGHPLF RQ 0DUFK ��WK� �����
&29,'��� KDV FDXVHG VFKRRO FORVXUHV UHVXOWLQJ
LQ RYHU ��� ELOOLRQ VWXGHQWV VWD\LQJ KRPH DFURVV
��� FRXQWULHV �81(6&2� ������ ,Q RUGHU WR DGDSW�
PDQ\ VFKRROV KDYH DEUXSWO\ WUDQVLWLRQHG WR GHOLYHU
H�OHDUQLQJ�

,QPDLQODQG&KLQD� WKH &KLQHVH0LQLVWU\ RI (GXFD�
WLRQ ODXQFKHG WKH 'LVUXSWHG &ODVVHV� 8QGLVUXSWHG
/HDUQLQJ LQLWLDWLYH� $FURVV ��� XQLYHUVLWLHV� VXU�
YH\HG VWXGHQWV ZHUH JHQHUDOO\ VDWLVˋHG ZLWK H�
OHDUQLQJ� RYHU KDOI IRXQG LW HIIHFWLYH� +RZHYHU�
DURXQG ��� RI VWXGHQWV IRXQG LW MXVW VDWLVIDFWRU\
�:X� ����� Q �������� ����� RI VWXGHQWV DJUHHG
WKDW H�OHDUQLQJ ZDV ZRUVH WKDQ WUDGLWLRQDO OHDUQ�
LQJ� DQG ZKHQ DVNHG VHSDUDWHO\� ����� RI VWXGHQWV
DJUHHG WKDW H�OHDUQLQJ ZDV EHWWHU WKDQ WUDGLWLRQDO

OHDUQLQJ� 6RQJ HW DO� ������ LQYHVWLJDWHG OHDUQ�
LQJ PRWLYDWLRQ DQG SHUVHYHUDQFH LQ &KLQHVH VHF�
RQGDU\ VWXGHQWV DFURVV � SURYLQFHV �Q ����� DQG
IRXQG WKDW VWXGHQWV ODFNHG FRQFUHWH OHDUQLQJ DLPV�
UHVLOLHQFH� DQG VHOI�GLVFLSOLQH� $PDMRU FRQFHUQ IRU
VHFRQGDU\ VWXGHQWV ZDV WKDW WKH\ ODFNHG WHDFKHU
JXLGDQFH DQG SHHU LQWHUDFWLRQ RQOLQH �;XH	6KHQ�
����� Q ����� :KLOH WHDFKHUV JHQHUDOO\ DJUHHG
WKDW H�OHDUQLQJ FRXOG LPSURYH VWXGHQWVȢ LQGHSHQ�
GHQW OHDUQLQJ DELOLWLHV� WKH\ DOVR DFNQRZOHGJHG
WKDW LW UHTXLUHG VWXGHQWV WR EH YHU\ GLVFLSOLQHG DQG
WHDFKHUV FRXOG QRW PDQDJH VWXGHQWV YHU\ HIIHF�
WLYHO\� WKUHH TXDUWHUV RI SDUHQWV IHOW SUHVVXUHG WR
VXSHUYLVH WKHLU FKLOGUHQ EHFDXVH WKH\ ODFNHG VHOI�
GLVFLSOLQH�

,Q +RQJ .RQJ� DOO NLQGHUJDUWHQV� SULPDU\ DQG VHF�
RQGDU\ VFKRROV ZHUH FORVHG IURP )HEUXDU\ WR 0D\
����� -XO\ WR 6HSWHPEHU ����� DQG 1RYHPEHU WR
)HEUXDU\ ����� /LQJQDQ 8QLYHUVLW\ ������ IRXQG
WKDW RQO\ ��� RI /LQJQDQ 8QLYHUVLW\ VWXGHQWV
ZHUH VDWLVˋHG ZLWK WKHLU RQOLQH OHDUQLQJ H[SHUL�
HQFH� DQG ��� RI VWXGHQWV IRXQG RQOLQH OHDUQLQJ
OHVV EHQHˋFLDO WKDQ FODVVURRP WHDFKLQJ �Q �������
6WXGHQWVȢ ODUJHVW FKDOOHQJHV ZHUH ODFN RI VHOI�
GLVFLSOLQH� D SRRU OHDUQLQJ DWPRVSKHUH� DQG H\H ID�
WLJXH GXH WR ORQJ VFUHHQ WLPH� ,Q DGGLWLRQ� &KLQHVH
8QLYHUVLW\ RI +RQJ .RQJ ������ DVNHG VHFRQGDU\
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VWXGHQWV WR UDWH WKH VWDWHPHQW RQOLQH OHDUQLQJ
LV YDOXDEOHȢ DQG UHVSRQGHQWV UDWHG LW DQ DYHUDJH RI
���� RXW RI � �Q ������� ZKLFK LV RQO\ PRGHUDWHO\
HIIHFWLYH� 6HOI�UHSRUWHG VWUHVV DQG DQ[LHW\ OHYHOV
ZHUH ���� DQG ���� RXW RI � UHVSHFWLYHO\� 7KHVH UH�
VXOWV LQGLFDWH WKDW VWXGHQWV DUH VWLOO DGDSWLQJ WR WKH
VXGGHQ FKDQJH WR H�OHDUQLQJ� DQG PRUH UHVHDUFK
KDV WR EH GRQH WR PDNH OHDUQLQJ RQOLQH PRUH HI�
IHFWLYH�

7KLV VWXG\ DLPV WR LQYHVWLJDWH WKH IROORZLQJ UH�
VHDUFK TXHVWLRQV�

�� +RZ GR ,6) VWXGHQWV IHHO DERXW WKH VNLOOV GH�
YHORSHG WKURXJK H�OHDUQLQJ FRPSDUHG ZLWK
VNLOOV GHYHORSHG WKURXJK WUDGLWLRQDO OHDUQLQJ"

�� +RZ LQWHUDFWLYH LV H�OHDUQLQJ DW ,6)"

,6) 7KLV VWXG\ ZDV FRQGXFWHG DW ,6) $FDGHP\� D
QRQSURˋW ,% VHFRQGDU\ VFKRRO LQ WKH 6RXWKHUQ GLV�
WULFW RI +RQJ .RQJ� ,6) LV D UHODWLYHO\ QHZ VFKRRO�
IRXQGHG LQ ���� E\ 1REHO ODXUHDWH &KDUOHV .DR�
DQG KDG ���� VWXGHQWV DV RI ���� �7KH ,QGHSHQ�
GHQW 6FKRROV )RXQGDWLRQ $FDGHP\� ����E�� ,6)ȢV
FODVV RI ���� KDV UHSRUWHG D ���� JUDGXDWLRQ UDWH
ZLWK D PHDQ ,% VFRUH RI �� RXW RI �� �7KH ,Q�
GHSHQGHQW 6FKRROV )RXQGDWLRQ $FDGHP\� ����D��
FRPSDUHG WR D ZRUOG DYHUDJH RI ����� �,QWHUQD�
WLRQDO %DFFDODXUHDWH 2UJDQL]DWLRQ� ������ &ODVVHV
DUH WDXJKW ZLWK D PL[ RI RQOLQH DQG WUDGLWLRQDO
WRROV� +RZHYHU� WKH VFKRRO KDG QRW LPSOHPHQWHG
DQ\ IRUP RI RQOLQH OHDUQLQJ� DQG FODVVHV ZHUH FRQ�
GXFWHG FRPSOHWHO\ LQ FODVVURRPV XQWLO )HEUXDU\
��� ����� WKHQ WUDQVLWLRQLQJ FRPSOHWHO\ RQOLQH EH�
FDXVH RI WKH SDQGHPLF�

� 0HWKRG

$ SLORW VWXG\ ZDV FRQGXFWHG RQ JUDGH �� ,6) VWX�
GHQWV ZLWK D VXUYH\ RI VHYHQ FORVH�HQGHG DQG WZR
RSHQ�HQGHG TXHVWLRQV� )HHGEDFN IURP VWXGHQWV
DQG WKH VFKRRO SURPSWHG WKH LQYHVWLJDWLRQ RI WKH
HQWLUH VHFRQGDU\ VFKRRO�

$ VXUYH\ RI �� TXHVWLRQV PHDVXULQJ VWXGHQW SHU�
FHSWLRQV RI H�OHDUQLQJ ZDV GHVLJQHG� $VSHFWV
WKDW ZH GHFLGHG ZHUH ZRUWKZKLOH LQYHVWLJDWLQJ LQ�
FOXGHG VHOI�HIˋFDF\� D VWXGHQWȢV EHOLHI LQ WKHLU FD�
SDFLW\ WR UHDFK D FHUWDLQ OHYHO RI SHUIRUPDQFH �%DQ�

GXUD� ����� .DXIIPDQ� ������ SHUFHLYHG DFDGHPLF
DFKLHYHPHQW� D VHOI�UHSRUWHG UHˌHFWLRQ RI KRZ
HIIHFWLYHO\ VWXGHQWV XWLOL]HG WKH NQRZOHGJH WKH\
OHDUQHG �$OJKD]R� ������ LQWHUDFWLRQ� WKH LQWHU�
SHUVRQDO H[FKDQJH RI LQIRUPDWLRQ� ERWK OHDUQHU�
OHDUQHU DQG WHDFKHU�OHDUQHU �0DKDQWD 	 $KPHG�
������ PRWLYDWLRQ� WKH LQWHUQDO GULYH DQG GLVFL�
SOLQH UHTXLUHG WR GLUHFW DQG PDLQWDLQ HIIHFWLYH
OHDUQLQJ �-DQVHQ HW DO�� ������ DXWRQRP\� D VWX�
GHQWȢV UHVSRQVLELOLW\ WR PDNH GHFLVLRQV UHJDUG�
LQJ WKHLU OHDUQLQJ �'LFNLQVRQ� ����� -DQVHQ HW DO��
������ ZRUNORDG� WKH DPRXQW RI WLPH DQG HI�
IRUW VSHQW RQ VFKRRO�UHODWHG WDVNV �0XLOHQEXUJ 	
%HUJH� ������ WHFKQLFDO V\VWHPV� WKH LQIUDVWUXF�
WXUH LQ SODFH WR VXSSRUW H�OHDUQLQJ �0XLOHQEXUJ
	 %HUJH� ������ WHDFKLQJ PHWKRGV� WKH VWUDWHJLHV�
DSSURDFKHV� DQG SURFHGXUHV XVHG WR WHDFK 0D]RXH
������� DQG LPSURYHPHQWV�

6XUYH\ TXHVWLRQV ZHUH DGDSWHG IURP SUHYLRXVO\�
YDOLGDWHG H�OHDUQLQJ VFDOHV &ROH HW DO� �������
0XLOHQEXUJ 	 %HUJH ������� 7KUHH W\SHV RI TXHV�
WLRQV ZHUH GHYLVHG WR PHDVXUH WKH VFDOHV� JHQ�
HUDO TXHVWLRQV� FRPSDULVRQ WR WUDGLWLRQDO OHDUQ�
LQJ TXHVWLRQV� DQG LQWHUDFWLRQ�VSHFLˋF TXHVWLRQV�
*HQHUDO TXHVWLRQV KROLVWLFDOO\ PHDVXUHG HDFK DV�
SHFW RI H�OHDUQLQJ� UHVSRQGHQWV UDWHG HDFK VXE�
TXHVWLRQ RQ D /LNHUW VFDOH IURP � WR � ZLWK � EHLQJ6WURQJO\ 'LVDJUHHDQG � EHLQJ6WURQJO\ $JUHH
� &RPSDULVRQ TXHVWLRQV FRPSDUHG UHVSRQGHQWV
H�OHDUQLQJ H[SHULHQFH WR WKHLU WUDGLWLRQDO RQH� UH�
VSRQGHQWV UDWHG TXHVWLRQV RQ D /LNHUW VFDOH IURP �
WR �� � EHLQJ 2QOLQH OHDUQLQJ LV PXFK PRUH HI�
IHFWLYHDQG � EHLQJ7UDGLWLRQDO OHDUQLQJ LV PXFK
PRUH HIIHFWLYH�

7R PHDVXUH VWXGHQWVSHUFHSWLRQV RI H�OHDUQLQJ�
7DEOH � VKRZV WKH WHQ DVSHFWV LQFOXGHG LQ WKH VXU�
YH\� DQG H[DPSOHV RI HDFK� 7DEOHV ��� VKRZ WKH
EUHDNGRZQ RI PRUH VSHFLˋF TXHVWLRQV XVHG LQ WKH
VXUYH\� $ WDEOH RI DOO VXUYH\ TXHVWLRQV FDQ EH IRXQG
LQ $SSHQGL[ ��
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7DEOH �� *HQHUDO TXHVWLRQV� $ IXOO OLVW RI WKH VXE�
TXHVWLRQV FDQ EH IRXQG LQ $SSHQGL[ ��

7DEOH �� &RPSDULVRQ WR WUDGLWLRQDO OHDUQLQJ TXHV�
WLRQV

7DEOH �� 6XEMHFW�VSHFLˋF TXHVWLRQV

7DEOH �� ,QWHUDFWLRQ�VSHFLˋF TXHVWLRQV

� 5HVXOWV

7KH VXUYH\ ZDV VHQW YLD VFKRRO HPDLO WR DOO VWX�
GHQWV LQ ,6) 6HFRQGDU\ DQG UHVSRQVHV ZHUH DF�
FHSWHG IURP 0D\ �� WR -XQH �� ����� YDOLG UH�
VSRQVHVZHUH UHFHLYHG IURP�� VWXGHQWV� 7KHPHDQ
DJH RI UHVSRQGHQWV ZDV ����� \HDUV �6'� �������
������ RI UHVSRQGHQWV ZHUH IHPDOH DQG ������
ZHUH PDOH� 2Q DYHUDJH� VWXGHQWV VSHQW ���� KRXUV
RQOLQH SHU GD\ �6'� ������� PRUH WKDQ D WKLUG RI
HDFK GD\� ������ RI UHVSRQGHQWV VSRNH (QJOLVK
DW KRPH� ������ &DQWRQHVH� D ORFDO GLDOHFW� DQG
������ 0DQGDULQ� ����� VSRNH DQRWKHU ODQJXDJH
DW KRPH �SHUFHQWDJHV GR QRW DGG XS WR ��� EH�
FDXVH VRPH UHVSRQGHQWV VSHDNPXOWLSOH ODQJXDJHV
DW KRPH�� ������ RI UHVSRQGHQWV RQO\ VSRNH �
ODQJXDJH DW KRPH� ZKHUHDV ������ VSRNH �� DQG
������ VSRNH ��

��� ,PSURYHPHQWV DQG FRQFHUQV

7KH IROORZLQJ DVSHFW ZDV DQ RSHQ�HQGHG TXHV�
WLRQ DVNLQJ VWXGHQWV 7KH PDMRULW\ RI LPSURYH�
PHQWV DGGUHVVHG FODVVURRP LVVXHV OLNH GHFUHDVLQJ
WKH ZRUNORDG� LPSURYLQJ OHVVRQ RUJDQL]DWLRQ� DQG
LQFUHDVLQJ FODVVURRP HQJDJHPHQW� 7KH QH[W�PRVW
EURXJKW XS ZHUH SHUVRQDO LVVXHV OLNH GHFUHDVLQJ
VFUHHQ WLPH� LQFUHDVLQJ SHHU LQWHUDFWLRQ� DV ZHOO DV
EHWWHU WLPH�PDQDJHPHQW� 7KH ˋQDO� OHDVW VLJQLI�
LFDQW SRUWLRQ ZDV WHFKQRORJLFDO LVVXHV� LQFOXGLQJ
WHFKQLFDO LVVXHV OLNH ˋ[LQJ ZLˋ RU OHDUQLQJ�UHODWHG
ZHEVLWHV� DQG KDYLQJ FDPHUDV RQ GXULQJ OHVVRQV�

9HU\ IHZ UHVSRQGHQWV ZDQWHG OHDUQLQJ WR EH DOO RQ�
OLQH ������� RU DOO WUDGLWLRQDO ��������� $OPRVW
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7DEOH �� 6FRULQJ RI JHQHUDO DQG FRPSDULVRQ TXHV�
WLRQV� 7KH FRPSOHWH UHVXOWV ZLWK GHVFULSWLYH DQDO�
\VLV FDQ EH IRXQG LQ $SSHQGL[ ��

KDOI �������� RI VWXGHQWV SUHIHUUHG WKDW WKH PD�
MRULW\ RI OHDUQLQJ VKRXOG EH LQ FODVVURRPV� ZLWK
VRPH RQOLQH OHDUQLQJ WR VXSSOHPHQW LW� +RZHYHU�
PRVW VWXGHQWV �������� EHOLHYHG WKDW RQOLQH OHDUQ�
LQJ DOVR KDG LWV PHULWV�

� &RQFOXVLRQ

&29,'��� KDV IRUFHG VWXGHQWV WR VWD\ DW KRPH�
UHVXOWLQJ LQ WKH SRSXODUL]DWLRQ RI RQOLQH HGXFD�
WLRQ ZRUOGZLGH� 6WXGHQWV JHQHUDOO\ EHOLHYHG RQ�
OLQH OHDUQLQJ WR EH HIIHFWLYH� UDWLQJ JHQHUDO VWDWH�
PHQWV DQ DYHUDJH RI ����� RXW RI �� KRZHYHU� ZKHQ
FRPSDUHG WR WUDGLWLRQDO OHDUQLQJ� VWXGHQWV UDWHG
RQOLQH OHDUQLQJ DQ DYHUDJH RI ����� RXW RI ��

$OO PHDVXUHG DVSHFWV RI OHDUQLQJ ZHUH OHVV HIIHF�
WLYH RQOLQH� EXW RQOLQH OHDUQLQJ HQMR\PHQW DQG
PRWLYDWLRQ ZHUH PRVW GHFUHDVHG FRPSDUHG WR WUD�
GLWLRQDO OHDUQLQJ� 6WXGHQWV IRXQG FRPPXQLFDWLRQ
DQG VRFLDO VNLOOV WR EH WKH PRVW GLPLQLVKHG ZKHQ
RQOLQH� 7KLV PD\ EH GXH WR D GHFUHDVH LQ LQWHUDF�
WLRQ ZKHQ OHDUQLQJ RQOLQH� ,QWHUDFWLRQ LV VWURQJO\
DVVRFLDWHG ZLWK RQOLQH OHDUQLQJ HIIHFWLYHQHVV� DQG
DFWLYH� UHJXODU LQWHUDFWLRQ ZLWK SHHUV DQG WHDFK�
HUV FDQ LPSURYH OHDUQLQJ HIIHFWLYHQHVV �.DXIIPDQ�
����� 0DKDQWD 	 $KPHG� ����� 0XLOHQEXUJ 	
%HUJH� ������ 7KH UHSRUWHG GHFUHDVH LQ H�OHDUQLQJ
FRXOG EH DWWULEXWHG WR D GHFUHDVH LQ LQWHUDFWLRQ�
DV HYLGHQFHG E\ WKH ORZ VFRUHV RI &RPPXQL�
FDWLRQȢ DQG 6RFLDOȢ LQ ,1�� )XUWKHUPRUH� PRVW

VWXGHQWV EHOLHYHG WKDW V\QFKURQRXV LQWHUDFWLRQV
ZHUH RI KLJKHU TXDOLW\ WKDQ DV\QFKURQRXV LQWHU�
DFWLRQV� 7KHUHIRUH� LW FDQ EH FRQFOXGHG WKDW GH�
FUHDVHG LQWHUDFWLRQ LV RQH RI WKH UHDVRQV ZK\ VWX�
GHQWV EHOLHYH H�OHDUQLQJ LV OHVV HIIHFWLYH WKDQ WUD�
GLWLRQDO OHDUQLQJ� LW FDQ DOVR EH SURSRVHG WKDW LQ�
WHUDFWLRQ JUHDWO\ LPSDFWV OHDUQLQJ PRWLYDWLRQ DQG
HQMR\PHQW� DV WKHVH DVSHFWV ZHUH WKH RQHV PRVW
DIIHFWHG�

6WXGHQWV DOVR IRXQG LW PRUH GLIˋFXOW WR VWD\ RQ
WDVN DQG WKDW WKHLU KRPH OHDUQLQJ HQYLURQPHQWV
ZHUH GLVWUDFWLQJ� 7KH\ DOVR UHSRUWHG WKDW LW ZDV
PRUH GLIˋFXOW WR UHWDLQ DQG XQGHUVWDQG LQIRUPD�
WLRQ RQOLQH DQG WKDW GLVFXVVLRQV DQG LQ�FODVV DFWLY�
LWLHV ZHUH OHVV HIIHFWLYH WKDQ WUDGLWLRQDO OHDUQLQJ�
7KLV FRXOG EH DWWULEXWHG WR WKH RQOLQH PHGLXP� DV
VWXGHQWV DUH QRW LQ WKH SUHVHQFH RI D WHDFKHU RU
SHHUV DQGPD\ IHHO SK\VLFDOO\ GLVFRQQHFWHG� 3K\V�
LFDO LQWHUDFWLRQ LV DOVR QRQ�H[LVWHQW� ZKLFK FRXOG
KLQGHU WKH OHDUQLQJ SURFHVV �0DKDQWD 	 $KPHG�
������ /LPLWHG VHOI�GLVFLSOLQH LV DQRWKHU FRQFHUQ�
DV QRW HYHU\RQH FDQ VWD\ RQ�WDVN IRU H[WHQGHG SH�
ULRGV RI WLPH �0DKDQWD 	 $KPHG� ������

2Q WKH RWKHU KDQG� VWXGHQWV IRXQG WKH LQWHUDFWLRQ
ZLWK WKHLU SHHUV WR EH YHU\ KHOSIXO WR WKHLU OHDUQ�
LQJ� 7KLV LV UHˌHFWHG LQ WKH UHVSRQVHV WR:KHQ
, FDQȢW XQGHUVWDQG WKH PDWHULDO� , DVN DQRWKHU VWX�
GHQW IRU KHOSȢ DQG0\ LQWHUDFWLRQ ZLWK P\ SHHUV
DUH KHOSIXO WR P\ OHDUQLQJȢ� ERWK RI ZKLFK KDG YHU\
KLJK DJUHHPHQW UDWHV� 6WXGHQWV JHQHUDOO\ DJUHHG
WR WKH VWDWHPHQW, DP NHHSLQJ D QHWZRUN RI FORVH
IULHQGVȢ� , DP VDWLVˋHG ZLWK WKH UHVSRQVH WKDW ,
UHFHLYH IURPP\ SHHUVȢ� DQG, IHHO FRRSHUDWLYH WR�
ZDUG P\ SHHUVȢ� 7KLV LQGLFDWHV WKDW DOWKRXJK SHHU
LQWHUDFWLRQ PD\ KDYH GHFUHDVHG LQ TXDQWLW\� LW LV
VWLOO RI KLJK TXDOLW\� 6WXGHQWV DOVR JHQHUDOO\ DJUHHG
WKDW 0HHWLQJ RQOLQH ZDV FRQYHQLHQWȢ DQG WKDW
WKH\ IHOW LQ FRQWURO RI >WKHLU@ RZQ OHDUQLQJȢ DV
ZHOO DVRYHU >WKHLU@ OHDUQLQJ HQYLURQPHQWȢ� 7KHVH
FRXOG ERWK EH SHUNV RI WKH RQOLQH PHGLXP DV VWX�
GHQWV FDQ OHDUQ LQ WKHLU KRPH HQYLURQPHQW� ZKLFK
LV ERWK FRQYHQLHQW DQG JLYHV WKHP DXWRQRP\ RYHU
WKHLU OHDUQLQJ HQYLURQPHQW�

6WXGHQWV DOVR DJUHHG WR WKH VWDWHPHQWV, H[SHFW
WR SHUIRUP ZHOO LQ P\ FODVVHVȢ� , GR QRW ZDQW
WR ZDVWH P\ WXLWLRQȢ� , IHHO D VHQVH RI DFKLHYH�
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PHQW ZKHQ , FRPSOHWH RQOLQH ZRUNȢ� DQG, ZRXOG
IHHO JXLOW\ QRW GRLQJ WDVNV DVVLJQHG WKURXJK RQOLQH
OHDUQLQJȢ� )URP D PRWLYDWLRQ SHUVSHFWLYH� WKUHH RI
WKH IRXU DERYH VWDWHPHQWV DUH LQWULQVLFPRWLYDWRUV�
ZLWK WKH RQO\ H[WULQVLF PRWLYDWRU ZDV WXLWLRQ� 0R�
WLYDWLRQ LV LPSRUWDQW WR RQOLQH OHDUQLQJ VXFFHVV DV
LW UHODWHV WR VHOI�GLVFLSOLQH� ZKLFK LV NH\ LQ DQ HQ�
YLURQPHQW ZKHUH PRVW RI WKH OHDUQLQJ LV GRQH XQ�
VXSHUYLVHG �.DXIIPDQ� ����� 0XLOHQEXUJ	 %HUJH�
����� 7XUOH\ 	 *UDKDP� ������ 7XUOH\ 	 *UDKDP
������ DOVR ZULWHV WKDW D VHOI�PRWLYDWHG VWXGHQW
PD\ OHDUQ PRUH WKDQ ZKDW LV UHTXLUHG DQG RYHU�
FRPH VLWXDWLRQV ZLWKRXW DGHTXDWH VXSSRUW� ,I VWX�
GHQWV ZHUH JLYHQ LQVSLUDWLRQ WR EHFRPH PRUH LQ�
WULQVLFDOO\ PRWLYDWHG� SHUKDSV WKH\ PLJKW EH PRUH
GULYHQ WR ˋQLVK DVVLJQPHQWV DQG DFKLHYH KLJKHU�
7KLV FRXOG EH DFKLHYHG E\PDNLQJ WDVNVPRUH LQWHU�
HVWLQJ� HQMR\DEOH� RU VDWLVI\LQJ WR FRPSOHWH �5\DQ
	 'HFL� ������

� 'LVFXVVLRQ

7KLV VWXG\ LQYHVWLJDWHV KRZ HIIHFWLYH H�OHDUQLQJ
ZDV DW D SULYDWH VFKRRO LQ +RQJ .RQJ GXULQJ WKH
ˋUVW ZDYH RI &29,'��� LQ HDUO\ ����� &RQWUDU\ WR
PXFK SDVW H�OHDUQLQJ UHVHDUFK� VFKRROV ZHUH QRW
SUHSDUHG IRU WKH VXGGHQ WUDQVLWLRQ RQOLQH EHFDXVH
RI &29,'� ,QWHUDFWLRQ ZDV ODUJHO\ UHGXFHG EHFDXVH
RI WKH VKLIW RQOLQH� DQG DOWKRXJK VWXGHQWV IRXQG
H�OHDUQLQJ WR EH HIIHFWLYH� ZKHQ FRPSDUHG WR WUD�
GLWLRQDO OHDUQLQJ� H�OHDUQLQJ VFRUHG ZRUVH LQ WKH
DVSHFWV PHDVXUHG�

:KHQ FRPSDUHG WR H[LVWLQJ OLWHUDWXUH RQ H�
OHDUQLQJ� WKH FRQFOXVLRQV RI WKLV VWXG\ PD\ VWDQG
RXW �$OJKD]R� ����� 0XLOHQEXUJ 	 %HUJH� ������
7KLVPD\ EH GXH WR&29,'DQG WKH IDFW WKDW VFKRROV
DQG VWXGHQWV ZHUH QRW SUHSDUHG IRU WKH WUDQVL�
WLRQ WR H�OHDUQLQJ� :KHQ FRPSDUHG WR VWXGLHV
SXEOLVKHG DIWHU ���� �&KLQHVH 8QLYHUVLW\ RI +RQJ
.RQJ� ����� :X� ����� <DQJ HW DO�� ������ WKH
FRQFOXVLRQV DUH PXFK PRUH VLPLODU� 7KH &29,'
FRQWH[W FRXOG KDYH D PDJQLI\LQJ HIIHFW RQ WKH
VWUHQJWKV DQG ZHDNQHVVHV RI H�OHDUQLQJ� DQG LW UH�
ˌHFWV KRZ SUHSDUHG VFKRROV DUH WR LPSOHPHQW H�
OHDUQLQJ�

/LPLWDWLRQV
7KHUH DUH VHYHUDO OLPLWDWLRQV RI WKLV VWXG\ WKDW
VKRXOG EH WDNHQ LQWR FRQVLGHUDWLRQ LQ IXWXUH UH�
VHDUFK� )LUVW LV WKH OLPLWHG VDPSOH VL]H RI RQH VHF�
RQGDU\ VFKRRO LQ +RQJ .RQJ� 7KLV OLPLWV WKH JHQ�
HUDOL]DELOLW\ RI GDWD FROOHFWHG WR VFKRROV VLPLODU WR
WKLV RQH� 6HFRQG LV WKH XVH RI FRQYHQLHQFH VDP�
SOLQJ� ZKLFK FRXOG DIIHFW LQWHUQDO YDOLGLW\� LQDF�
FXUDWHO\ UHSUHVHQWLQJ WKH SHUFHSWLRQV RI WKH VWX�
GHQW ERG\� 7KLUG LV WKH XVH RI D VHOI�UHSRUW VXU�
YH\ DV WKH RQO\ IRUP RI GDWD FROOHFWLRQ� 7KLV OLPLWV
WKH LQWHUQDO YDOLGLW\ RI WKH GDWD FROOHFWHG� DV SDU�
WLFLSDQWV PD\ FRQIRUP WR GHPDQG FKDUDFWHULVWLFV�
)RXUWK DQG ˋQDOO\� WKLV VWXG\ IRFXVHG WRR PXFK
RQ VXSHUˋFLDO PHDVXUHV RI H�OHDUQLQJ �DFDGHPLF
DFKLHYHPHQW� GHYHORSPHQW RI VNLOOV� ZRUNORDG� LQ�
VWHDG RI GHHSHU�OHYHO PHDVXUHV �LQWHUDFWLRQ� VHOI�
GLVFLSOLQH� DFDGHPLF DFKLHYHPHQW�� 7KLV FRXOG DI�
IHFW WKH LQWHUQDO YDOLGLW\ RI UHVXOWV� DV PDQ\ DV�
SHFWV DUH LQWHUOLQNHG� DQG UHSUHVHQW H�OHDUQLQJ HI�
IHFWLYHQHVV XQUHDOLVWLFDOO\�

)XWXUH 5HVHDUFK
0RUH IRFXV RQ VWXGHQW PRWLYDWLRQ DQG DXWRQ�
RP\� DV ZHOO DV UHVHDUFK LQWR DVSHFWV OLNH VHOI�
GLVFLSOLQH DQG ZRXOG SDLQW DPRUH DFFXUDWH SLFWXUH
RI VWXGHQWVȢ SHUFHSWLRQV RI H�OHDUQLQJ HIIHFWLYH�
QHVV� )XUWKHUPRUH� XVLQJ LQWHUYLHZV WR IROORZ�XS
WKH VXUYH\ PD\ SURGXFH PRUH LQVLJKWIXO� LQ�GHSWK
UHVXOWV DQG VWXGHQWV FDQ YRLFH WKHLU WKRXJKWV RQ
LPSURYHPHQWV WR H�OHDUQLQJ� $ ODUJHU VDPSOH VL]H
ZRXOG DOVR UHVXOW LQ D PRUH DFFXUDWH UHSUHVHQWD�
WLRQ RI VWXGHQWV�
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$SSHQGL[ � $OO 6XUYH\ 4XHVWLRQV

)ROORZ WKH 45 FRGH IRU WKH IXOO VXUYH\�

$SSHQGL[ � 6XUYH\ 'DWD

)ROORZ WKH 45 FRGH IRU DOO WKH VXUYH\ GDWD�

5HIHUHQFHV

$OJKD]R� $� ������ ���� &RPSDULQJ(IIHFWLYHQHVV2I2Q�
OLQH DQG 7UDGLWLRQDO 7HDFKLQJ 8VLQJ 6WXGHQWVȢ )LQDO
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Modelling COVID-19 using the SIHD model

Ying Chun Justin Man 倁阌╚

1 Introduction

Witnessing how COVID-19 has been spreading
across theworld, it has piquedmy interest in simu-
lating themathematical model of such a fatal pan-
demic. After reading a lecture by HKU that stud-
ies the Hong Kong 2003 SARS outbreak with the
standard SIR model (Susceptible, Infectives and
Recovered), I was intrigued by the model’s sim-
plicity and practicality to approximate the pan-
demic trend. By replacing the category “Recov-
ery” and adding new categories – Hospitalised and
Death, as well as introducing the Basic Reproduc-
tive Number, this investigation enhances the de-
sign of SIR model based on the real-life context
of coronavirus. Up-to-date statistics will also be
referenced in the chosen parameters to ensure the
model is a good replication, if not, a rough approx-
imation of real-life trends. To conclude, a holistic
judgement on this model’s significance and verac-
ity (e.g. limitations and flaws in assumption) will
be discussed.

2 SIR Model

2.1 Background

The standard SIRmodel is a compartmental model
which consists of three deterministic differential
equations, to compute the dynamics of SIR in a
closed population over time (Wikipedia Contrib-
utors, 2019). It is useful in estimating the dura-
tion, spreading rate, epidemiological parameters
(e.g reproductive number) of the pandemic and
how government health interventions can affect
its outcome (Ng, 2004).

2.2 Assumptions

The standard SIR model is built based on the fol-
lowing assumptions:

1. Homogenousmixing: Each susceptible indi-
vidual faces an equal risk in getting infected.

2. Population size remains constant: It as-
sumes that the epidemic is sufficiently short
so that any change in population due to
births, death, immigrants or immigrants are
negligible. This is also to reduce excessive
variables and keep the model as simplified as
possible.

3. Constant rate of recovery: Similar to the
one above, it also assumes that infectives “re-
cover” at a constant rate and people can only
be infected once. (i.e. they can no longer be
infected, they have either recovered and de-
veloped immunity, or died)

2.3 Variables

Since the model is estimating the pandemic trend
over a period of time, we will set time (measured
in days) as the independent variable t. Hence, the
dependent variables SIR can be expressed the fol-
lowing below:

St – The number of individuals that are suscepti-
ble/capable of getting the disease, but not yet in-
fected

It – The number of individuals that are currently
infected by the disease

Rt – The number of individuals that have recov-
ered, or died due to the disease

Based on the assumption of constant population
size, we can express these variables in relation to
the total population, N , such that the sum of the
total number of susceptible, infectives and recov-
ered is equal to the total population.

St + It +Rt = N
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2.4 Developing Equations

By assuming homogeneous mixing that each indi-
vidual faces an equal risk in getting the infection,
the interaction between the susceptible and in-
fected people can be expressed with the two vari-
ables’ product: StIt. We can then now develop
a system of differential equations of the standard
SIR model, which represents the rate of change of
each variable, governs the behaviour of the pan-
demic over a period of time. (i.e. the rate of change
of these variables over time)

The rate of change of the number of susceptible
people, as shown in equation 1, is negative be-
cause the total number of susceptible will reduce
over time. The variable α represents the probabil-
ity for susceptible people getting infected, which
can be influenced by the frequency of interaction
with infected people.

ds

dt
= −αSI (1)

Consequently, the rate of change in infectives over
time, as shown in equation 2, will equal to that
proportion of susceptible transferred to the in-
fected people. At the same time, some infected in-
dividuals can also recover at a rate , meaning that
there is a loss in infected people and they are as-
sumed to remain immune to future infection.

dI

dt
= −αSI − γI (2)

Hence, this brings us to the last equation in equa-
tion 3, in which the rate of change in recovered in-
dividuals over time will be a gain in the infected
people at the given rate γ.

dR

dt
= γI (3)

3 Improving the SIR model based
on the actual COVID-19

Although the standard SIRmodel can act as a sim-
ple tool to estimate the crude trendof an epidemic,
it needs to be recognized that the model does not
accurately represent the actual picture of coron-
avirus as it is over-simplified. For example, the

coronavirus has a relatively high death rate (ap-
proximately 4%), compared to the flu and com-
mon cold (the usual ones in SIR model case stud-
ies). Also, the assumption of recovered people
have perfect immunity is invalid. A recent study by
Melbourne university found out that the median
immunity of a recovered patients to the virus is
only 14%, meaning that there is still a high chance
of getting re-infected (Juno et al., 2020).

3.1 Three Distinct Changes

1. It is subdivided into “infected” and “hos-
pitalised” – which will be labelled I and H

respectively. The is because the recovery
rate can differ among the two groups of in-
fected people. According to the WHO, 80%
of the infected people can recover from the
disease without needing special treatment
(World Health Organisation Indonesia, 2020).
And it typically takes them 2-3 weeks to re-
cover, whilst those with severe infection are
around 6 weeks.

2. The transferal of recovered to suscepti-
ble – as mentioned above, there is an equal
chance of recovered patients to get infected
again. Hence, recovered people will eventu-
ally return to the susceptible category.

3. Death category – is added in this model. It
assumes patients that have serious illness will
seek hospitalization (I → H), and they will
either recover and move back to the suscepti-
ble category, or to the death category.

3.2 Defining the New Variables

γ1 – the recovery rate to transfer from I to S

γ2 – the recovery rate to transfer fromH to S

β – the rate of hospitalisation from I toH

δ – the death rate fromH

The flow of SIHD can be expressed using a flow di-
agram:

We can now develop a new system of differential
equations:

ds

dt
= −αSI + γ1I + γ2H
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Fig. 1. A flow diagram of SIHD model

dI

dt
= αSI − γ1I − βI

dH

dt
= βSI − γ2I − σH

dD

dt
= δH

4 Solving the Differential
Equations Using Euler’s method

In reality, these differential equations are often
difficult and complex to solve. Hence, the Euler’s
method, an iterative approximation tool that al-
lows us to solve these first-order ordinary differ-
ential equations, is chosen in this investigation to
allow us graph the dynamics of our SIRD model.
First of all, the general form of Euler’s differential
equation for y and t can be expressed as below:

dy

dx
= f(t, y)

y(t0) = y0

The equation f(t, y) is a known function, and the
initial conditions are also known values. Using
these formulae as our starting point, we can gen-
erate the rest of the solution by using iterative for-
mulas, where∆x is the step size between each in-
tervals. The smaller the step size, the more accu-
rate the approximation is.

xn+1 = xn +∆x

yn+1 = yn +∆x
dx

dy

Fig. 2. Euler’s Method, taken from (CalcWorkshop,
2019).

This method can also be thought of using tan-
gent lines over a given step size∆x (it is expressed
as h in figure 2) to approximate the solution of a
point, given its initial value (CalcWorkshop, 2019).
Hence, applying this method to our SIHD model,
we will first have these equations:

St = St−1 +∆S

It = It−1 +∆I

Ht = Ht−1 +∆H

Dt = Dt−1 +∆D

By applying the samemethod, we can also find the
next point solution:

St+1 = St +∆S

And then we add our variables in the SIRD model.

St+1 = St − αStIt ×∆t+ γ1It ×∆t+ γ2Ht∆t

Taking out the common factor:

St+1 = St − (αStIt − γ1I1 − γ2It)×∆H

Repeating the same for ItHtDt.

It+1 = It + It(αSt − γ1 − β)×∆t
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With these four equations, we can choose some
values for our parameters, and then we can con-
struct a table to show/calculate the incremental
changes in SIHD with each step size. In this inves-
tigation, I will use the US as an example because it
has a huge population size and they currently have
the most COVID-19 cases worldwide.

4.1 The Rationale Behind the Chosen Pa-
rameters

1. S0 = 3.28× 108

(a) US entire population without vac-
cine/immunity

2. I0 = 53 cases

(a) Number recorded on the 24th of Febru-
ary, it is the approximate time when lo-
cal community transmission of coron-
avirus started (Worldometer, 2020b).

3. H0 = 24 cases

4. D0 = 0 cases

5. α = 1
10 = 0.1

(a) The typical incubation time of Coron-
avirus symptoms range from 5-14 days
(Lauer et al., 2020), hence taking the av-
erage (5+14)

2 = 9.5 days. This is rounded
it up to 10 days, so that calculations are
easier.

6. γ1 =
1
14 ≈ 0.0714 (correct to 3 sig.fig.)

(a) The median time from onset to clini-
cal recovery for mild cases is approxi-
mately 2 weeks (World Health Organisa-
tion, 2020).

7. γ2 =
1

31.5 ≈ 0.0318 (correct to 3 sig.fig.)

(a) Three to six weeks for patients with se-
vere or critical disease, hence taking the
average (3+6)

2 = 4.5 weeks = 31.5 days.

8. β = 0.1

(a) This value depends on the frequency of
testing, so infected people (who have se-
vere symptoms) can be transferred into
the hospitals

(b) The US currently has less than 10%
of daily positive testing (Johns Hopkins
University Coronavirus Resource Center,
2020).

9. δ = 0.03

(a) Depends on this formula
daily death rate

daily hospitalised cases

(b) The value fluctuates each day, so I took
some values from each month and found
the average.

(c) For example:

i. US May 24th: 627
19934 ≈ 0.0315

ii. March 24th: 269
11254 ≈ 0.0239

(d) ∆t = 1

i. Measured in days, step size is one
day.

ii. Step size 1 day is chosen because
cases are usually reported daily.

4.2 Approximating Covid-19 Cases in the
US Using Euler’s Method

Note: values for S I H D are expressed in x× 108.

When t = 0

St = 3.28

It = 5.3× 10−7

Ht = 2.4× 10−7

Dt = 0

When t = 1

S1 = S0−(0.1×S0×I0−0.0714×I0−0.0318×H0)×1

I1 = I0 − I0(0.1× S0 − 0.0714− 0.1)× 1

H1 = H0+(0.1×I0−0.03175×H0−0.03×H0)×1

D1 = D0 + 0.03×H0 × 1
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When t = n

Sn = Sn−1−(0.1Sn−1In−1−0.0714In−1−0.0318Hn−1)∆n

In = In−1 − In−1(0.1Sn−1 − 0.0714− 0.1)∆n

Hn = Hn−1+(0.1In−1−0.03175Hn−1−0.03Hn−1)∆n

Dn = Dn−1 + 0.03Hn−1∆n

By computing these equations and parameter val-
ues into an Excel spreadsheet, we can create a
graph showing the dynamic of SIHD curves, as
shown in figure 3.

With our chosen parameters, figure 3 displays the
trend and changes in Susceptible, Infected, Hos-
pitalized and Dead people in the US over a period
of time. Looking at the It curve, a rapid increase
can be observed starting from around day 89, and
it eventually hits its maximum at day 125, with
71.5 million people infected. Simultaneously, Ht

is growing at an exponential rate, peaking at day
139, with 86.9 million people hospitalized.

Upon first glance, the graph doesn’t make too
much sense if it is compared to the real-life statis-
tics. This model predicts that there will be an ex-
ponential growth inDt , and eventually starting to
flatten out at day 293, where the death cases will
account for almost half of the population. How-
ever, if we think about it, the epidemic will be dis-
astrous if we have half of the US population wiped
out at the end! One reason is because we assume
that the parameters will remain unchanged over
these 240 days, which is unlikely given that the
government has been implementing strict health
regulations to limit the rate of interaction and pa-
rameter α. To present this on a graph, I reduced
the parameter α from 0.1 to 0.05 after day 50 (to
explain this conceptually: the government noticed
a surge in cases, so they implemented health reg-
ulations after 50 and half of the interactions were
cut off to reduce the number of cases).

Nowwe can now construct another graph based on
that, as shown in figure 4.

Figure 4 shows the effect of reducing the param-
eter α. From day 1-50, when the parameter α is
0.1, a clear exponential growth in It can still be
seen, perhaps due to the lack of health regulations
and public awareness of the virus. And at day 50,
the curve suggests that there is a total of 38752
new cases, which is fairly reasonable, considering
the number of cases in the US in real life (around
30000 cases per day in April). After the imple-
mentation of health regulations, a kink from day
50 to 51 and a decline in new cases the next day
can be observed. This is probably because people
are forced to stay home, wear masks and use hand
sanitizers. After day 50, there is a steady decline
in new daily cases, and the number of hospitali-
sation is also decreasing after day 82. However,
it is also worth mentioning about the flaw of this
graph - it is unlikely in real life that these regula-
tions will already have such immediate impact on
reducing the number of cases the next day it is im-
plemented. Nevertheless, this still showcases the
powerful impact of reducing the parameter α (i.e.
the need for government regulations).

On the other hand, for the Dt curve, it is still in-
creasing because the epidemic is still spreading at
a relatively fast rate. To understand the reason
why, we can first look at the basic reproductive
number.

5 The Basic Reproductive Number

Another way to look at how the epidemic will
spread is through the Basic Reproductive Num-
ber, which refers to the number of new infections
caused by an individual. This can be estimated by
the expression (Jones, 2007):

(average infection caused by

an individual per time unit)

× (expected duration of infection)
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Fig. 3. Proposed SIHD model of the US pandemic outbreak. To provide a more holistic overview, the x-axis interval
is automatically set to 4 days by Excel.

Fig. 4. Implementing health regulations after 50 days. St is not shown because its size is too large relative to IHD.

5.1 Finding the Expected duration of
Infection

To find the expected time taken for infection, re-
call that each infected individual has a probabil-
ity of γ1 to recover in each time step (section 3.2).

This allows us to construct the following tree dia-
gram, as shown in figure 5.

If we define the discrete random variableX be the
number of time steps it take a patient to recover,
thenwe can construct the following probability ta-
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ble forX.

Fig. 5. Tree diagram

X 1 2 3 n

P [X = x] γ1 γ1(1− γ1) γ1(1− γ1)2 γ1(1− γ1)n

Table 1. Probability table forX.

Hence, we can calculate when the sum of n tends
to infinity.

E[X] =
∞∑

x=1

×P [X = x]

=γ1 + 2(1− γ1)γ1 + 3(1− γ1)
2γ1+

...+ n(1− γ1)
n−1

This sequence is neither arithmetic nor geometric.
But it can be solved by separating it into sections:

= γ1+(1−γ1)γ1+(1−γ1)
2γ1+(1−γ1)

3γ1 . . . (1)

+(1− γ1)γ1 + (1− γ1)
2γ1 + (1− γ1)

3 . . . (2)

+(1− γ1)
2γ1 + (1− γ1)

3γ1 . . . (3)

...

Expression 1 is now a geometric series, with first
term γ1 and common ratio 1− γ1, thus the sum to
infinity formula can be applied:

S∞ =
a1

(1− r)

γ − 1

(1− (1− γ1))
= 1

Meanwhile, expression 2 has first term (1 − γ1)γ1
and common ratio 1− γ1.

γ1(1− γ1)

(1− (1− γ1)
= 1− γ1

This extends likewise to expression 3.

γ1(1− γ1)2

1− (1− γ1)
= (1− γ1)

2

Now looking at the product of each expression, we
can notice another infinite geometric sequence,
thus we can apply the sum to infinity formula
again.

E[X] = 1 + (1− γ1) + (1− γ1)
2 . . .+ (1− γ1)

n + . . .

=
1

1− (1− γ1)
=

1

γ1

As a result, the expected duration of each infected
person to recover should be 1

γ1
.

5.2 Finding the Average Infection Caused
by the Individual Per Time

For the average infection caused by the individual
per time, this can be calculated as follows. Since
there is no vaccine available currently, we can as-
sume that the initial condition where t = 0 , is
S0 = N (the total population) because everyone
can be susceptible to the disease. We can also de-
duce that S0 > S because the number susceptible
will decrease over time. Hence, taking the equa-
tion dI1

dt , we can substitute the initial condition S0

and rearrange:

dI1
dt

< I1(αS0 − γ1)− βI2

The term −βI2 is negligible in this context, be-
cause we assume that hospitalised infected peo-
ple will be separated and have minimal or no con-
tact with the susceptible people, thus they will not
have an impact on the spread of the epidemic. As
a result, we have this inequality.

dI1
dt

< I1(αS0 − γ1)

Focusing on the variables α and γ1, then rearrang-
ing them, we obtain the following.
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αS0 − γ1 > 0

S0 >
γ1
α

To further simplify the inequality, we multiply
both sides by α and then divide by them γ1.

R0 =
S0α

γ1
> 1

The ratio S0α
γ1

is known as the basic reproduc-
tive number R0. The value of R0 helps us under-
stand what is happening with the epidemic (Gog,
Thomas, & Freiberger, 2020).

1. If R0 > 1, it means that the epidemic will
grow.

2. If R0 = 1, it means that the epidemic is
plateauing.

3. If R0 < 1, it means that the epidemic will de-
cline.

To prevent mass infection, the government has
several ways to intervene and implement policies
so that R0 < 1. Given that the R0 will be smaller
when γ1 increases, the government can decrease
the value of R0 by facilitating the development of
better medical treatments, e.g. medicine, so that
the expected duration for infected people recovery
rate will decrease.

However, in the short run, the government should
prioritise reducing the probability for susceptible
people to get infected, i.e. parameter α, by imple-
menting social distancing policy, or encourage the
use of hand sanitizers. A long term solution is to
reduce the number of susceptible,S0, by using vac-
cines so thatmore people are immune to the virus.

5.3 Application of R0

To provide a better picture of how R0 works, we
can substitute some numbers into the equation.

Substituting our initial parameters in figure 3
gives us the equations below.

R0 =
S0α

γ1
> 1

R0 =
3.28× 0.1

0.0714
≈ 4.60 > 1

With the result larger than 1, this indicates that
the epidemic will grow. Given that it is difficult
to reduce S0 (e.g. vaccines) and γ1 (e.g. better
medicine) in the short run, our only short term so-
lution is to reduce parameter α, so that R0 is < 1.

R0 =
3.28α

0.0714
< 1

Rearranging this equation, we obtain the follow-
ing.

α < 0.0218

Therefore, in order for the epidemic to stop
spreading, we need to have parameter α to be
smaller than 0.0218, which means that it needs
to be roughly 1

5 of the initial parameter α (0.1).
Hence, going back tofigure 4, this explainswhy the
Dt is still increasing at a fairly steady rate, simply
because the regulations are not strict enough, and
the contact rate between susceptible and infected
is still fairly high. Therefore, if we reduce the pa-
rameter to 0.0218, the graph should look like this.

Figure 6 shows a sharp decline in It after day 50,
when α has been reduced to 0.0218. As expected,
the epidemic starts to die out, with the infected
andhospitalised cases reaching 0 at approximately
day 121 and 145. Simultaneously, Dt also starts
to flatten out at day 127, meaning that there are
barely any deaths. In fact, if we look at some real-
life examples, a similar pattern can be observed in
China.

After the coronavirus outbreak in January, China
imposed strict, or even extreme, lockdown rules
on cities. For example, in Wuhan, the government
closed all transport links and banned citizens from
making any non-essential trips out of apartments
(Culver&Westcott, 2020). Despite the lockdown’s
economic cost (Hubei’s economy shrank by 40%),
it was arguably successful as the country was able
to reduce the number of cases under a short period
of time (see Fig. 7). Therefore, this example em-
phasizes the importance of reducing the parame-
ter α, and it is possibly one the US can learn from.
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Fig. 6. Impact of strict lockdown (parameter α reduced to 0.0218)

Fig. 7. Infected Cases in China from January to July (Worldometer, 2020a).
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6 Conclusion

Overall, my investigation using the SIHD model
and basic reproductive number is successful in ap-
proximating the current situation of the coron-
avirus. Even though the chosen parameter values
might not be so accurate, it does help to demon-
strate the significance of government regulations
to reduce contact rate (parameter α), especially
when vaccines and medicines will not be available
in the short run.

However, this doesn’tmean that themodel iswith-
out its flaws. There are three major flaws in the
assumptions: Firstly, it assumes that the popula-
tion is homogenously mixed, such that individu-
als have an equal probability of interacting with
each another. This does not hold true in reality
because not all susceptible individuals will have
contact with other people. Instead, it is likely that
the spreading rate will slow down in the long run,
as most people usually live within a fixed com-
munity so there should be less mobility between
different groups. Secondly, my SIHD model as-
sumes that hospitalized people will have no fur-
ther impact on the number of infected cases, be-
cause medical staff should be well protected with
medical gear while hospitalized patients are in-
sulated from the public. However, this assump-
tion has proven to be wrong recently, as an in-
creasing number of medical staff have become in-
fected in Hong Kong. This flaw can simply be im-
proved in my existing model by adding more vari-
ables/categories. Third, the assumption of con-
stant population size (since any immigration or
emigration is negligible) is also inaccurate, be-
cause the coronavirus has already become a global
pandemic – any immigration will add uncertainty
in the spread of virus. If foreign infected people
are allowed to enter other countries, it will likely
result in another wave of local community out-
break. For example, Hong Kong’s third wave of
coronavirus outbreak in August was due to loop-
holes in the city’s border measures. Hence, this
leads us to the major limitation of the model: in
the case of coronavirus, without vaccines, it is dif-
ficult to predict the duration of the pandemic. This
model cannot predict when the different waves of
community outbreaks will occur, especially when

scientists are concerned that infected cases will
soon surge again in winter (Roberts, 2020).

Despite the model’s limitations and the unpre-
dictable nature of pandemic, one has to under-
stand that it is virtually impossible to predict the
future behaviour of coronavirus with perfect cer-
tainty or accuracy. This is because SIR model is
deterministic in nature, and it greatly relies on ex-
isting data, as well as the assumption of ceteris
paribus, with most things being equal. In real-
ity, getting infected should not be directly pro-
portional, and does not follow a specific infec-
tion/spreading rate. It should in fact be a random
probability, with themagnitude of it depending on
various factors (such as age). Therefore, one pos-
sible improvement is a change to a probabilistic
model, followed by binomial distribution and sev-
eral simulations to find out the average, worst and
best case scenario. However, this does not neces-
sarily mean that the veracity of model should be
underestimated. Ultimately, it still allows some
flexibility for adjustment in themodel (e.g. adding
variables, restricting the size of parameter at a
given time), as well as its ability to compare differ-
ent policies effectiveness. And these predictions
do play a role for politicians to make a policy deci-
sion, and which aspect of lockdown policies need
work.

Nevertheless, through this investigation, I realised
how real-life situations and mathematics can be
closely connected. I was able to apply my knowl-
edge (the Euler’s Method, differential equations
and geometric distribution) and improve upon the
standard SIR model, while fulfilling my interest in
exploring the impact of lockdown policies on the
coronavirus, all of which enhanced my analytical
skills and ignited my passion to further explore
other aspects of the pandemic.
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A Note about Style

Articles included in this publication are written
for many different purposes. Any differences in
style are due to the need to adhere to the format
required for that purpose. Generally, the Mod-
ern Language Association (MLA) citation and for-
mat style (8th Ed.) is used for articles written in
English as part of the Oxford University Shuyuan
Classics Summer Program or the NRI Scholar’s Re-
treat (Needham Research Institute, at Cambridge
University), while the STEM articles adhere to the
American Psychological Association (APA) cita-
tion and format style (7th Ed.). Articles written
in Chinese use footnotes following the style out-
lined in the Bulletin of the Institute of Chinese
Literature and Philosophy. However, articles that
were originally submitted as partial fulfillmen of
the International Baccalaureate (IB) programmes,
such as the Middle Years Programme’s (MYP) Per-
sonal Project or the Diploma Programme’s (DP)
Extended Essay, have followed the specifi re-
quirements as outlined by the student’s supervi-
sor, and they are published in this journal as they
were originally submitted.

ꬨ偠倁두溸靾僻
勔⮃曬朮╚溸倁皺儱掿陶㝃┯⻎潨溸脯㷫
溸⚈✇뀸呬┪溸䈽沍ꌬ儱氮偠괛锢ꈯ㴖霃
潨溸䨿괛溸呬䑑┞薮❔靾朙崵㝕㳴剹ꯗ籮
⪿凂劻䧶Ɑ堦㝕㳴 NRI煝疵䨿Needham

Research Institute凂劻溸蝠倁倁皺䱰
氠槁♣靤阌ⶾ劋MLA溸䑜倁⾕呬䑑睘
8 曬脯 STEM 倁皺⯵䱰氠耘㏔䖦槏㳴劋
APA溸䑜倁⾕呬䑑睘 7曬氠╚倁乯
㷫溸倁皺䱰氠╚煝ꯗվ╚㏔倁〡煝疵겐⮜տ
溸萐峜埞䑑⛰儱㠁卸儱✑掿㏔شر倁䣺鞐瓨
IB溸ꌄ⮕⪡㵽脯䳀☆溸倁皺㠁╚㳴鞐瓨
MYP溸⠥☭꽃潨䧶倁䣺鞐瓨DP溸仹
㺥韣倁⯵䭶攍㳴气㸭䊘䳀⮃溸⪾두锢寛䭶
ⸯ埞㐃勔⮜溭銩



Needham Research Institute (NRI)匃笵橳煝疵䨿
The following article was written as a culminating
essay for the Shuyuan NRI Scholar’s Retreat, 2020.

♨┬倁皺儱㐃 2020䌑蕡鉿溸匃笵橳煝疵䨿凂劻煝疵꽃潨╚䨿㷫溸篚꾴韣倁
• Smallpox and its associated political implications

in Qing Dynasty China (William Tristan Lee III匃姒갗)

American Geophysical Union耘㏔㐌槊朮槏㳴劋
The research for these articles were prepared for
a poster presentation at the AGU (American Geo-
physical Union) Fall Meeting, 2020.

ꄺ碋倁皺溸煝疵儱掿 2020䌑 AGU耘㏔㐌槊朮槏㳴劋瑽㳌劋饘┪溸嶯㖦悎颊徚⤬溸
• Hybrid Sentiment Analysis system to extract Lan-

guage Bias in news media (Sally Sijie Song 㴝䘽㨣
• How effective is Online Learning during the

COVID-19 pandemic, according to student’s per-
ceptions? (Andrew Minghan Jiang谞僻

Extended Essays䬥㺥韣倁
These articles were written in partial fulfillmen of
the IB Extended Essay for Grade 12 students, May
2020, or May 2021.

♨┬倁皺儱 2020䌑 5劓䧶 2020䌑 5劓汶噺溸
12䌑筧㳴气㷫溸䬥㺥韣倁Extended Essay

• The antimicrobial effects of Ethanol (Chrystal Li匃檆檆)

• A data-driven study on the effects of changes in
local sea surface temperature on the health of
Coral Reefs in Hoi Ha Wan, Hong Kong (Julie Tam餤䌘蔣)

Internal Assessments⪡ꌄ雅⛓韣倁
These articles were written in partial fulfillmen of
the IB Mathematics Internal Assessment for Grade
12 students, May 2021. ꄺ儱 2021䌑 5劓汶噺溸 12䌑筧㳴气㷫溸 IB俩㳴⪡ꌄ雅⛓韣倁

• Fourier Series modelling with applications to
Electrocardiogram readings (Dionne Daiyin Yeung嘼㽩嫞)

• Proving Fermat’s theorem on the sum of two
squares by elaborating on Zagier’s “One-
Sentence” proof (Lok Tong Coco Yeung 嘼 垟⻎)

• Modelling COVID-19 using the SIHD model (Ying
Chun Justin Man倁阌╚)

This article was written in partial fulfillmen of the
IB Physics Internal Assessment for Grade 12 stu-
dents, May 2021.

ꄺ儱 2021䌑 5劓汶噺溸 12䌑筧㳴气㷫溸 IB朮槏⪡ꌄ雅⛓韣倁
• A study on the relationship between the Colour

and Mass of selected Main Sequence Stars (Can-
dace Yan Yue ChungꞖ姒橭)

This article was written in partial fulfillmen of
the IB Design Technology Internal Assessment for
Grade 12 students, May 2021.

ꄺ儱 2021䌑 5劓汶噺溸 12䌑筧㳴气㷫溸 IB陮阜⪡ꌄ雅⛓韣倁
• Design Technology: EpiPen (Stanley Ip訫㴔黏)

Theory of Knowledge Essays IB焒餠韣
These articles were written in partial fulfillmen of
the IB Theory of Knowledge Essay for Grade 12 stu-
dents, May 2020, or May 2021.

ꄺ儱 2020 䌑 5 劓⾕ 2021 䌑 5 劓汶噺溸 12 䌑筧㳴气㷫溸 IB焒餠韣Theory of Knowledge韣倁
• Statistics conceal as much as they reveal.

(Denton Philtjens魁╫䧯)

• Within Areas of Knowledge, how can we differen-
tiate between Change and Progress? (Candace Yan
Yue ChungꞖ姒橭)
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